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Nonlinear Adaptive H,, Control Systems

for Bounded Variations of Parameters’

Yoshihiko MIYASATO®

A new class of adaptive nonlinear Ho, control systems for processes with bounded variations of parameters, is
proposed in this manuscript. Those control schemes are derived as solutions of particular nonlinear Ho, control
problems, where unknown system parameters are regarded as exogenous disturbances to the processes, and thus,
in the resulting control systems, the L2 gains from system parameters to generalized outputs are made less than ~.
The proposed control strategy can be applied to any time-varying (or time-invariant) systems, and the resulting
control systems are bounded for arbitrarily large but bounded variations of time-varying parameters. Also, the
control schemes are shown to be sub-optimal to some Hoo cost functionals (or certain differential games), when

the high-frequency gains are time-invariant.
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1. Introduction

In the study of adaptive control, the main topics have
been an asymptotic stability of adaptive control systems.
So much attention has not been paid on the control perfor-
mances such as transient performance and other perfor-
mances V. On the contrary, the backstepping procedures
in the last few years, have not only made it possible to an-
alyze the stability of adaptive control systems in simpler
forms, but also made it possible to discuss the transient
performance of responses (Lo /L2 performances) of many
kinds of adaptive and nonlinear control systems 2. Fur-
thermore, recent researches on nonlinear Ho, control and
inverse optimality, could derive adaptive or nonlinear con-
trol systems which are optimal to certain meaningful cost
functionals® 4 % 6 7,

Additionally, in the past study of adaptive control,
there has been another problem that the stability anal-
ysis of adaptive control systems have been focused on
time-invariant processes mainly; no enough discussion for
the case of time-varying systems has been made. Al-
though several approaches have been examined for time-
varying processes in the study of robust adaptive con-
trol schemes 1>, those results could be applied to limited
classes of time-varying systems, that is, only sufficiently
small variations of time-varying parameters are accepted
in those robust adaptive schemes.

The purpose of the present paper is to provide a new
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class of adaptive nonlinear H, control systems for pro-
cesses with bounded variations of parameters, where the
control performances are discussed explicitly, and the sta-
bility analysis for time-varying systems are carried out
successfully. Those control schemes are derived as solu-
tions of particular nonlinear H, control problems, where
unknown system parameters are regarded as exogenous
disturbances to the processes, and thus, in the resulting
control systems, the Lo gains from system parameters to
generalized outputs are made less than v; (the prescribed
positive constant). The proposed control strategy can
be applied to any time-varying (or time-invariant) sys-
tems, and the resulting control systems are bounded for
arbitrarily large but bounded variations of time-varying
parameters. Also, the control schemes are shown to be
sub-optimal to some H cost functionals (or certain dif-
ferential games), when the high-frequency gains are time-

invariant.

2. Problem Statement and System Descrip-
tion

We consider the following single-input single-output

nonlinear system.

Le(t) = £(e(t)) + LT (e,1) + botgns (1)
+@ Wi (1) (1)
1
upi(t) = mu(t) (A>0) (2)

where e(t) is a control variable (an output or a tracking
error, et al.), u(t) is a control input, and f(e,t) is an un-
known nonlinear term. w1 (t) is a vector composed of mea-

surable signals, by and ¢ are unknown system parameters
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which can be time-varying, and £(-) is an unstructured

element defined by

L(v(t)) = Go(s)v(t) (Go € RH) (3)

A (> 0) is a design parameter which is known, and n* is
a relative degree of the controlled process. The following
assumptions are introduced.

Assumption 1. 1) Although by can be time-varying,
the sign of it remains unchanged (bo > 0 or by < 0), and
is known a priori. It is assumed that by > 0 without loss
of generality.

2) The unknown nonlinear term f(e,t) is evaluated by
Fle,)” < fo-ole)- € (4)

where fo is an unknown positive constant, and ¢(e)(> 0)
is a known function of e which is n* —1 times differentiable
with respect to its argument.

3) The magnitude of wi (¢) is evaluated as follows 7:
[wi (@) < My -suple(r)| + Mz (M, Mz > 0) (5)
t>7

(n*—

Furthermore wi(t) ~ w; 1>(t) are measurable signal

vectors and are evaluated by
i ()] < Ms -sup|e(r)| + Ma - sup fugns —i(7)|
t>T1 t>1

+Ms (6)
(Ms ~ Ms >0), (1<i<n —1)

4) The upper bounds of the magnitudes of the nomi-
nal values ®*, 07, 05 (time-invariant) of ®, 61, 62 (01 and
02 are to be introduced later, and those may be time-
varying), are known a priori. Also, the upper bound of bg
and lower bound of b, on the high-frequency gain by are

known such that
0<d<by<by<by <M< o0 (7)

and the upper bound of p and lower bound of p on the
parameter p are known, too.

1
bo’

S

=g P=g P ®)
(For simplicity of notation, upper bounds are evaluated
by M, and lower bounds are evaluated by § in the
manuscript, and M and § are known.)

The control problem of this paper is to determine a
control input u(t) adaptively such that the overall system
is stabilized for arbitrary but bounded time-varying sys-
tem parameters, and additionally, the control variable e(t)
converges to zero asymptotically in the ideal case (stabil-

ity condition), while the resulting control system becomes

optimal or sub-optimal to some meaningful cost function-
als (optimality condition).

Remark. The controlled process (1), (2), is shown to
be the generalized form which appears in many conven-
tional adaptive control problems. It should be noted that
Assumption 1-3 is concerned with the minimum-phase

property of processes
3. Nonlinear Adaptive Ho, Control

The design of control systems are based on backstep-
ping procedures 2) composed of step 1 ~ step n*, and in
each steps, the control signals v;(t) are determined by
applying nonlinear Hoo control scheme. In the last step
(Step n*), the actual control input u(t) is obtained.

Step 1) Define 21(t), 22(t) by

21(t) = e(t) 9)
25(t) = wpne—1(t) — an(t) (10)

The virtual control input a1 (t) is determined as follows:

ar(t) = —p(t)®(t)Twi(t) + vi(t)
= —p(t)vo(t) +v1(t) (11)

where vy (¢) is to be determined later based on nonlinear
‘Hoo control strategy. In this manuscript, the projection-
type adaptive laws »), where tuning parameters 6 are con-
strained to certain closed regions S, are defined by

0

Pr(T¢e)
r C I

_ e o ase (12)
Tpe — T ZLHL-Tgpe Case 11

vgTIrvyg

where
Case[: 0 €8° or 0 edS & (Npe)TVg <0
Case II : Otherwise
S={0:g(6) <0}
S? = interior of S, dS = boundary of &
By utilizing those descriptions, 0; (t), 62(t), p(t) are tuned

in the following ways:

01(t) = Prign=(?) (13)
6a(t) = Pr{gizd(z1(8)= (1)) (14)
B(t) = Pr{guavo(t)z (1)) (15)

where g11, g12, 913 > 0, and each constraints are given by

go, (01) = 07 — M*, o, (02) = 65 — M*
) = <A_ 6+M)2_ (M—6)2
gp(P) = | P 7 3

M and § are properly selected positive constants based

(16)

on Assumption 1-4. Hereafter, we are to obtain the input

signal v1(¢) by applying nonlinear Ho control strategy.
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For this purpose, define Vi (t) by
1 1o
—— 2, - 0.(t) — 012 /g4,
Vit = e+ 3 3o00) 01

by (. _
+5{B(t) = P} /913
1 2 * — = *
+o{e) - @ Y G - @}
1 .
+§{bO(t) — b} /g15 (17)
where G1a = G14T > 0, g15 > 0, ®* is a nominal value
(time-invariant) of the parameter ® (time-varying), and
0; are also nominal values (time-invariant) of the parame-
ters 0; (time-varying) determined later. We take the time
derivative of it.
Vi(t) < z21(0{L(z1(1)) + L(f(21,1)) + DT wr (1)}
—®5 " wo(t)z1 () + (by — bo)p(t)vo(t) 21 (t)
+01()z1(1)* + O2(1)p(21.(£) 21 (1)
+H{bo(t) + (bo — by) }v1 (£) 21 () + boz1 () 22 (t)
+H@(t) — 2"} G D) — a1 (1)}

+{bo(t) = b} {bo(t) = T (D} /ons  (18)

wolt) = [21(8), $(z1(8)z1 (1), wi(t)T)7 (19)
o5 = [07, 05, o*T)" (20)
Te1(t) = Grawi(t)z1(t) (21)
m1(t) = gisv1(t)21(t) (22)

Since L(-) is defined by (3), there exist bounded 611, 612

(positive) satisfying the next inequality.

/ (ML (7)) + L(F (2, 7)) Y

< / (011 (7)1 (7)? + 02 (P) (e (1)) 22 (7)Y + No
(23)

where Ny is a constant which depends on initial condi-
tions. Then, the following relation is obtained by inte-

grating Vi (t).
Wi (t) = Vi(0)

S/ [01(7)21(7) + O2(T) (21 (7)) 21 (7)) 21 (7)dr

n / {ho(7) — by} (bo () — 71 (7)}dr /g5 + No

o1 = 011, b12, @7

O1 = [(®or — ®5)", by — bo]”
bo = bo — b, (> 0)

@1(t) = [wo(t)", p(t)wo(H)}]"

From that evaluation of Vi (t), we introduce the following

virtual process

5 0= bz + é2¢>(2’1)21 + @161 + (30 + Eo)vl

= fi(z1) + gudi + gi2v1 (29)
fi(z1) = 0121 + G20(21) 21
g1 =1, di =01, gia=bo+bo (30)

and stabilize it via v1 by utilizing nonlinear Ho, control
strategy, where unknown parameters @, are regarded as
exogenous disturbances to the process. For this purpose,

consider the Hamilton-Jacobi-Isaacs equation

SR AN A
8,21 ! 4 7;‘2 T1 02’1

+hizi <0 (31)

where the solution V; is given by the next equation

~ 1

Vi(t) = 34 (t)? (32)
h1 and r1 are positive functions to be determined from
the inequality (31) based on inverse optimality for the
given solution Vi (32) and the positive constant v;. The
substitution of (32) into (31) yields

5 3 o1l2 (b +bo)? | 23
91zf+02¢(z1)zf+{”wi|2 — (ot bo) %1

71 ™
+hizi <0 (33)

Since the unknown element bo(> 0) is included in the
above inequality, we are to obtain h; and r; satisfying
the next relation, which is a sufficient condition for the
original inequality (33)
ém% + é2¢(21)2% + (”@12|2 — b(Q)) i + hlzf <0
7 r) 4
(34)

From that, the control signal v; is derived as a solution

for the nonlinear Ho, problem.

. 1 vy 1
Ul = = -

—Trlglzaizl = "om (bo + bo)z1 (35)

Since the unknown element l~)o is included in the above

equation, the actual input signal is replaced by
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v = ———21 (36)

Then, we obtain the following relation for the original pro-
cess (1), (2), Vi(¢) (17), and the input signal v1(¢) which

is not necessarily equal to vj (¢) (35).

Vl(t)—Vl(O)S/ 7’1{60(7)21(7)+U1(7)} dr
0

2’!“1

7/ {hlzl(T)2+T1U1(T)2}dT

_/ *zHél() 271*2w1(T)21(T) dr

o7 / 161(r)|%dr
/0 bo( Yoi(r)z1 (7 )d7'+/0t boz1(7)z2(7)dT
-/ i)
. / {Bo(r) — B} () — o1 (1)} fgns + No
(37)

— VTGO () — o1 (1) }dr

Step i) (2 < ¢ < n*) Take the time derivative of z;(t).

2i(t) = upne—ip1(t) — i1 (t) (38)
Zi(t) = =Augpn—iy1(t) + upn—i(t) — Bi-1(t)
=i (){L(21 (1) + L(f (21, 1))
Fbottpne—1(t) + @ wi(t)}
—vxi-1(t)Pr{G10:1(t)z 1(t)}
)b

i1 (D) — i1 (Dbo(t)  (39)
Bia(t) = 2o
—1 aai_l
+y 92 {=Aupne—j+1(t)
Fugne () = B2 (1)) (40)
e = Y a0 @
_ 8051;1 - Ba, 1
Yri-1(t) = B JZ i j—1(t) (42)
Toica(t) = 225 %Zaal i) (43)
o 60&1‘71 . aaz 1
M (1) = Z i—1(t) (44)
Ri(t) = [0u(t), Os(2), ﬁ(t)]T (45)
51(8) = [21(8), B(z1 ()21 (1), vo(t)])” (46)
G1 = diag(g11, 912, 913) (47)

wi—1(t) = vector signals composed of elements

{upne—1(t) ~ upnr—ita, wioa(t), wi-a(t)}
(3<i<n) (48)

For z;(t), we introduce z+1(t) and determine the virtual

control a;(t) so as to stabilize z;(t).

Zig1(t) = upne—i(t) — () (49)
@i(t) = Mipnx—iv1(t) + Bim1(t) — éi(t)zi-1(t)
+Yim1 () D) wi (1)
+bo(£)yim1(Dugnr—1(t) + vi(t) + @i(t)
(50)
&(t) = { ho(t) (i=2) (51)

1 (i>3)

where &;(t) is an auxiliary signal to be determined later,
and the input signal v;(t) is to be obtained by applying
nonlinear Ho, control strategy similar to Step 1. For this
purpose, we define V;(¢) by

1

—zi(t)? (52)

Vi) = 5

The next inequalities hold for certain positive functions

021, 022, and arbitrary positive constants ki1, ki2.

*/ Vi1 (T{L(21(7) + L(f (21, 7)) }2i(7)dr

< ki / ’yi_l(T)in(T)sz + kiu {021(7)21 (T)2
+022(7)p(21 (7)) 21(7)* YT + No (53)

*/ Y i—1(T)Pr{G101(7)21(T) } zs (T)dT
S/ lveci—1 (D) G [TL (T) || |22 ()] |23 (7) [T

t
Skiz/ lysci—1 (182 () 122 () dr
0

Lo [ oy
gl [ e 54

We take the time derivative of V;(t) and integrate it again.
Then, similar to the previous steps, we get the following

inequality.

/Ot cizi—1(T)zi(T)dT

; / [6(r) — 9V G () — 7rs (7)Y

+/ {bo(7) — bg}{l;o(T) — Tpi—1(7) }d7/g15

+/Ot Vi(r)dr

t t
S / Zi(T)Z¢+1(T)dT + kil / ’yi_l(T)zzi(T)QdT
0 0
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Jrk%l {021(7)21(7)” + 022(7)p(21 (7)) 21 (1) }dr

t
+ki2/ Iysci—1 (I |92 () | *2: () *dr

il /

" / [6(r) — 9V GrH () — 7ou(r) Y

+ / {ho(r) — b Hbo(r) — ma(r)}dr/ns

- / ()

n / () + e} No (55)
©2 = [bo —0907 (@ —o9)"]"
Ga(t) = [21(t) =y (B)upns 1 (1), —m (D (t)7]"
Gi(t) = [—yim1 (Ougne—1(t), =yim1(Der ()] (>3

(7) + i1 (P)bo(7) }2s(7)dr

56)
57)

)

Toi(t) = Tgi—1(t) — Gravyi—1(t)wi (t)z:(t) 59)
T2 (t) = 701 () + g15{21(t) — 1 (D)upn=—1(t)}22(t)  (60)
)

Toi () = Toiz1(t) — g157vi—1(E)upn=—1()z:(t) (2 > 3) (61

b (=2
Cl_{ 1 (i>3) (62)

(
(
)
(58
(
(
(

From that relation, we introduce the virtual process

Eivio1zi + k12||’YKi71H2H1~)1”221 +@f g +v;

4=
= fi(z1, -+, zi) + gindi + gizvi (63)
fiz1, -+, 2i) = kavio1zi + kio||yi—1 |)*|91]) 2,
gi1 = &}7,T7 dl = 627 gi2 = 1 (64)

and stabilize it via v; by applying nonlinear H, control
strategy, where unknown parameters O, are regarded as
exogenous disturbances to the process. For this purpose,

consider the following Hamilton-Jacobi-Isaacs equation

-\ 2
||911H2 91’22 oV, 2
i+ g2 ) (2 i7 <
ﬁzzf ( % . 97 + h;z 0

(65)

where the solution V; is given by the next equation
zi(t)? (66)

h; and r; are positive functions to be determined from
the inequality (65) based on inverse optimality for the
given solution V; (66) and the positive constant ;. The
substitution of (66) into (65) yields

ki vi-12; + kizllviioa| 2|01 ]| * 2]

~i 2 1 2
+ { el _ = ZZ +hizi <0 (67)
Vi i

dTJr/ O, (T)TL:M(T)Zi(T)dT

From that the control input v; (t) are obtained as solutions

for nonlinear Ho, control problems as follows:

. 19V, 1
Vi = _271392287,% = —Tnzz (68)

Then, we derive the following relation for the original pro-
cess (1), (2), Vi(t) ~ Vi(t) ((17), (52)) and the input
signals v1(t) ~ v;(t) which are not necessarily equal to

vi (t) ~vi (t) ((35), (68)).
S0 von < [ {352 o
—/o {h121(7)? + 101 (1) }dr
—/tWIQ
i / 161 ()l1%dr

/0 Bo(r)os (r)21 (r)dr

/Otrj{z(: +uj(7)}2d7

2

~ 1
dr

O1i(1) — 2y *le(T)Zl(T)

o / 1627 dr}
/ a(P)zsa(r)dr

/ {6(r) — VTG (r) — rou(r)}dr

+ /0 {bo(r) — by}{bo(r) — mi(r)}dr /g1s
Z;/Ot g1 (T)B(7) 2 () dr

_ 22 /0 i1 (o) (1)

+ Z /0 t &;(7)z; (T)dT + No (69)

éu:[(% <I>0)T by — bo]” (70)

021 HGlH2
011 + Z ( s s s

T
0
012 + Z ]:j T] (71)
J

In the last Step n*), the actual control input is ob-

®0’L -

tained as
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u(t) = an~(t) (72)
Step n* +1) The tuning laws of ®(t), bo(t) and the
auxiliary signals &;(t) are determined such that
&(t) = Pr{msn~ ()} (73)
bo(t) = Pr{ron-(t)} (74)
&i(t) = —kisllvsi-1 () lwr (6)]1 2 (2)
—(n* = Dkiallysi—1 (O lwr (8)]|* 2 (2)

Z Hf]iﬂ Yie1 ()22 (t) — kisypi1(t) 01 ()2 (t)

*kiG'Ybi—l(t)QZQ(t)zzi(t)
—(n* — Dkiryoi1(8)*upns 1 ()2 (t)

_ gts
Z 4]’6]771 1 Z(t)

where the constraints are defined by

(2<i<n®) (75)

96(®) = [1®]* = M, gs(bo) = [|bol* — M*  (76)

M(> 0) is determined similarly to (16). Then, the fol-
lowing inequality is derived by utilizing the property of

projection type adaptive laws.

{&(1) — 2" )T GrHD(1) — Ton- (1)}
+{bo(t) = b5} {bo(t) — ou- (1) Y7 /g1
— {B(t) — "} G Pr(ron- (1)) — Ton (1))
+{bo(t) = b5} {Pr(7bns (£)) — Tou- () }d7 /915 < 0
(77)

Also, from the evaluation of Pr(+) (12), it follows that
[Pr(Te)|| < [T ¢ell (78)

and the next relation is obtained.

=N i W0z (5) = > i1 (Dbo(t)z5 (1)
+ Zaxt)zj (t)
G14 15 2
= Z ” 41@3‘,| o Z 491@]5

915
+Z e (79)

Finally, we derive the following evaluation of V;(t) ((17),
(52)) by utilizing (77), (78), (79), where v;(t) are not nec-
essarily equal to v (¢)((35), (68)).

Z{V }</ 1 {60(72)21(7) —|—vl(7)} dr

*/ {hlzl(T)2+7"1U1(T)2}dT

_/Ot

i [ 18 fFar + [ Bt (s

+Z / i{%)ﬂi(f)}QdT

—/ {hizi(7)2+rivi(7)2}d7

2

dr

z@1(m)z1(7)

e ’éwm -

2y

+ 2
2|~ 1
- [ [6atn) - gtz ar
0 2y
5 / [62(7)|l dr] + No (80)
O1nx = [(@on- — @5)", by — bo]” (81)
B0, = [0, 92, o”]" (82)
021 I\Glll2 1Ga?
01 = 611 + Z ( For hys + 1k
915 915
Tk 4ch6> (83)
02 = 012 + Z oz (84)
ki1

01, 05 in (17), are nominal values (time-invariant) of 61, 62
n (83), (84).

Then, we have the following main theorems.

Theorem 1. The adaptive control system described
above (where vi(t) ~ v« (t) ((35), (68)) are included)
is uniformly bounded for arbitrary bounded variation of
system parameters bo, p, Y, 011, 012, 021, O22.

Proof. By introducing state variables w(t) of the sta-
ble systems (state-space representation (F,G)), the un-
structured elements £(z1(¢t)) and L(f(z1,t)) are written

in the following:

() ] (85)
P(z1(t))z1 (1)
1L O + 1£(f (y, )P

< MyJw(t)|]” + Moz (t)* + Mso(21(t))21 (£)*(86)
PF+F'P=—1 (P=P">0) (87)

W(t) = Fu(t) + G l

Adding w(t), V(t) is defined by
% 722 2 Ll Pw(t) (1>0)  (88)

We take the time derivative of V(¢), then we have the

following evaluation for properly selected [, do, 01, D
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*
n ~ ~

V(t) € =Y {hiz(t)’ +rivi()?} - 2o

i=1

+max{~;*} - D" — &1 [w(t)|?
< —8oV(t) + max{~;’} - D* (89)

where 0 < §p, D* < co. Hence, we show that the adap-
tive system remains bounded for any bounded variations
of system parameters.

Theorem 1 holds for arbitrary bounded tuning pa-
rameters which are not necessarily determined by the
adaptive laws (13), (14), (15), (73), (74) stated in the
manuscript. On the contrary, hereafter, we are to utilize
the projection-type adaptive laws (13), (14), (15), (73),
(74).

Theorem 2. For that adaptive control systems (in-
cluding v1 ~ vp~), we assume that by is time-invariant.
Then, vi ~ v« ((35), (68)) are sub-optimal control in-
puts which minimize the upper bound on the following

cost functional.

J(t) = sup /{hzzZ > 4 rvi(r)? Ydr
@1”* 69€eLy =

n* t
+Z O T

SNy /”92 |dr] (90)

Also we have the next inequality for those sub-optimal

V]~ U

n* + n*
> [ e 4 ranohar + Yo v
i=1+0 i=1
n* t -
= Zwow#/ 11+ (7)]*dr
i=1 0
n* t
#3000 [ 16atnlPar + o1
i=2 0

Especially, if ©1,+, @2 € Lo, then it holds that z1(t) ~
Zn* (t) — 0.

Theorem 3. For that adaptive system (including
v ~ v« ((35), (68))), we assume that by is not time-

invariant. Then, the following inequality is derived.

Z / {hizi(1T)? + rvi (1) }dr + Z Vi(t)

+/t 750(72)80(7) L (7)2drD

<ZV i [ 160 (rlPan

+27 /H@Q )|I*dr + No (92)

where %zl(tf > 0. Especially, if ©1,+, O3 € La,
then, it holds that zi(t) ~ znx(t) — 0, and the adap-
tive system converges to the sub-optimal control system
described in Theorem 2.

Proof. From the evaluation of Zil Vi(t) (80), The-
orem 2 and 3 are easily derived.

Theorem 4. Assume that (Pop=—Pg), (bo—bg), (p—
p*) € L2 and by — by, p — p* for certain constant
@5, b5, PO b5p™ = 1). Then, we have z1(t) ~ zp+(t) — 0
(as t — o0).

Proof. The positive function Vi(t) is newly re-
defined by

Vi(t) = gt Z{@ — 07} /oni

+50{13(t) -9} /g1
"} G H{d(t) — @7}

+5 {bot) = 651 /012 (99)

+5{0(0) -

Then, we have the similar evaluation of Z L Vi(t), where
O1,+ () and bo(t) are differently defined by

T by —bo]” (94)
bo(t) = bo — by (95)

Contrary to the previous bo(t) (27), for this new bo(t), it
does not hold that bo(t) > 0. However, since bo(t) con-
verges to zero asymptotically, it holds that

bz (8)? + wzl (t)* > doz (t)? (96)

27“1
(vt >T), (60> 0)

for sufficiently large T' > 0. Then, rewriting the inequal-
ity (92) with the initial time 7', we show that zi(t) ~
Zn* (t) — 0, where the boundedness of the adaptive sys-
tem is also considered.

Up to now, the general forms of the control schemes
were provided by (34), (67), (35), (68), Theorem 1 ~ The-
orem 4. Next, h; and r; are solved, and the explicit de-
scriptions of the control schemes are given by assuming
specified forms to h; and r;. O

Solution I. From (34), (67), r1, r; (¢ > 2) can be
chosen such that

T10

s+ kio||lo1||? + kno{él + é2¢>(2’1)}

T30

ry =

kis + kiol|@il|2 + kiro{kirvi 1 + kiz|lvxi—1]|2||01]1%}



T.SICE Vol.LE-3 No.l1 2004 63

(k1s, k19, k110, 710, Kis, ki9, Ki10, 70 > 0) (97)

Where k‘18, k19, k1107 To1, ki& kig7 ]{J¢107 T()i(> 0) are de-
sign parameters.
hi, hi (> 2)

Then, we obtain the corresponding

hi < {i)gkls’ﬁz + (bk1971> — 710) |1 [1?
+(b3k11071” — 4r1077°) (01 + 026(21)) } /(471077 7)
hi < [kisyi? + (kioy — rio)|@i|?
+(kinoy?? = drioy ) {kavioy + kizllyri|*[5:1]1°}]
[(rioy®) (i 22) (98)

In order that hi, h; (> 2) are positive definite, k;9 and
ki10 should be chosen such that

T10 T10
k1o > = = ko > o—
bgi® o373
47‘10 47”10 2
ki10 > — = k1o > ——, (0 <3 < bo, bo)
b2 g
kig > TiOQ, kito > 4rio (1> 2) (99)
Vi

And, we get the explicit descriptions of the control inputs

__bo
v = 7277”121
bo [k18 + kiol|@n ||* + k110{é1 + é2¢>(21)}}
- 27“1() 1
(100)
. 1
v ~5 %
kst Kiol|@:||* + kao{kivii + kiellvri—1 |91 %} _
- 27“2'() =
(i>2) (101)

Solution II. Next, we obtain r; and h; by setting

72

b
hi =airi + 47’?0 (102)
P = QT p >
hi = a;ran + T (i>2) (103)
i_1. 1 (104)

i T Til
where a;, 70 (0 < as,750 < 00) are positive constants,
which prescribe the ratios between r; and h;. Then, for
equality condition of (34), (67), we obtain r; as the posi-

tive solution of

72

b,
a1ty + Girin — ZO =0 (105)
G ,é é H‘DlHQ 106
1 =01+ 02¢9(z1) + e (106)
1
aﬂ"z‘21 + Giri1 — i =0 (1>2) (107)
2 2z, l@ll®

Gi = ki1 + kaellvii—a || 7|01 ||” + poes: (i >2)
(108)

Hence, ;1 and h; are

—-G1+ v/ G% + a152 o IA)(Q)

e 20, INCERTEN
o _Gi+\/m_ 1
e 2a; - 2{\/m+Gi}
(i >2) (109)
T10

—Gi+ /T +a;
hi = ¥+ L i>2 (110

47'7;0
and the explicit description of the control input is given
by

b 1( / - b
’01:*7021:* — G? +arbo+G1 | + 0 21
2r1 b 2ri0

0
(111)
'Ui:_izi:_{(\/G?'Fai“FGi)“r ! }Zz
2r; 2rio
(i >2) (112)

For those two explicit solutions of v;, we have the fol-
lowing theorem.

Theorem 5. For those two solutions of v; (Solution
I and Solution IT), the residual regions of z; can be made
arbitrarily small by proper choices of the design param-
eters kis, kio, kir0, Tio, ai, ; (sufficiently large kis, kio,
ki10, a; and sufficiently small r40,, ;).

Proof. By the proper choices of the design pa-
rameters kis, kig, ki10,Tio0, a:, ), the positive functions
h; (98), (110) can be made arbitrarily large, and
Yi2©1nx 1%, 77 2||O2]|? sufficiently small, while other

terms remain unchanged in (92). Since it holds that

1 /T S st < S A0 Z D) + N
T ) - (=2 =

T

* T | A n* * T | A
2 [y 10w |Pdt + 377, 4i? [ [1©2]%dt
Jr
T
(113)

and h; can be made arbitrarily large, then + fOT zi(t)2dt

can be made arbitrarily small.
4. Remarks

1. The nominal values ®*, 67, 05 correspond to av-
erage values of time-varying ®, 601, 02, respectively, and
especially it holds that ®* = ®, 7 = 61, 65 = 03 for time-
invariant ®, 601, 62. Furthermore, bo, by and p, p deter-
mine the bounds in which time-varying b, p are included.
Thus, bo = b, = bo, p = p = p for time-invariant bo, p.
Hence, when all system parameters are time-invariant, it
follows that ||©1,+|| = ||©2] = 0, and that the exoge-

nous disturbance terms in the Ho problem, are 0. On
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the contrary, when several parameters are time-varying,
1810 || # 0 and/or ||||©2]| # 0, and nonzero disturbance
terms do exist.

2. Theorem 1 assures that Heo control schemes vi ~
vy« stabilize the overall control systems for arbitrary and
bounded tuning parameters 91, éz, D, i), 50, which are
not necessarily determined by the proposed adaptive con-
trol schemes (13), (14), (15), (73), (74) in the manuscript
(For example, the control systems are bounded even for
fixed tuning parameters). For such case, D* (the dis-
turbance term) in (89) does not equal to 0, and the
control errors do not converge to 0. On the contrary,
when the proposed adaptive laws are utilized, the exoge-
nous disturbance terms correspond to éln*, éz which
are time-varying elements included in system parameters
(or ||®1n=|| = ||©2]| = 0 for time-invariant system pa-
rameters). Hence, the proposed adaptive control schemes
make the exogenous disturbance terms smaller than the
non-adaptive (or the different adaptive) case. Addition-
ally, it should be noted that Theorem 1 holds for arbitrary
adaptation schemes, but Theorem 2 ~ 5 hold for the pro-
posed adaptation strategy in the manuscript. Asymptotic
zero control errors for time-invariant case are attained by

the proposed adaptive laws (13), (14), (15), (73), (74).
5. Numerical Example

In order to show the effectiveness of our proposed
methods, the numerical simulation studies are performed.
We consider adaptive tracking control problems for the

simple process and control variable defined by

&(t) = papi(t) +usn(t)

Ep1(t) = —Azp(t) + 2(t)
g (t) = —Aup (¢) + u(?t)
(#(0) = 1(0) = us1(0) = 0)

where the relative degree n* = 2, and ¢ can be time-
invariant or time-varying. In the numerical simulations,
bounded parameters ¢ (unknown) are chosen in the fol-

lowing:

6= 10 (time — invariant)
54 5sin0.5¢ (time — varying)

The design parameters are determined such that

g =100 (adaptive gains)
M =100 (projection parameters), A=1

No.1 2004

Fig.1 Simulation result (time-invariant, conventional method)

Fig.2 Simulation result (time-invariant, proposed method I)

Fig.3 Simulation result (time-invariant, proposed method IT)

kij:L 7‘10:7"20:1, a1:a2:1, ’71:’72:1

Fig.1, Fig.2 and Fig.3 show the time-invariant cases, while
Fig.4, Fig.5 and Fig.6 show the time-varying case. For
comparison, Fig.1 and Fig.4 show the results where con-
ventional backstepping strategy (where the same k;; are
chosen) is adopted. It is seen that the better transient
properties are given with less control efforts in the pro-

posed control scheme.
6. Concluding Remarks

In the present paper, we proposed design methods of
a new class of adaptive nonlinear Ho, control systems for
processes with bounded variations of parameters, by con-
sidering particular nonlinear Ho control problems, where
unknown system parameters are regarded as exogenous
disturbances to the processes. It is shown that the pro-

posed control strategy can be applied to any time-varying
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Fig.4 Simulation result (time-varying, conventional method)

Fig.5 Simulation result (time-varying, proposed method I)

Fig.6 Simulation result (time-varying, proposed method II)

(or time-invariant) systems, and the resulting control sys-
tems are bounded for arbitrarily large but bounded varia-
tions of time-varying parameters (Theorem 1). Also, the
control schemes are shown to be sub-optimal to some Hoo
cost functionals (or certain differential games), when the
high-frequency gains are time-invariant (Theorem 2), and
even if that condition does not hold, the L2 gains from sys-
tem parameters to generalized outputs are prescribed ex-
plicitly (Theorem 3). In the ideal case where time-varying
parameters converge to time-invariant with the rate of Lo
order, then the control variable converges to zero, that is,
the zero residual control error is attained (Theorem 4).
Finally, the explicit descriptions of the control schemes
are given by assuming specified forms to the weighting
functions h; and r;. The properties of those controllers
are discussd (Theorem 5).

The merits of the proposed control strategy come form

the interplay of Hoo control and adaptive control, that
is, the Hoo control strategy stabilizes time-varying sys-
tems for arbitrary tuning parameters, and the adaptation
scheme makes the exogenous disturbance terms smaller

than the non-adaptive case.
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