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Robust Controller DesignUsing

Parametrization of Stabilizing State FeedbackGains

Atsumi OHARA*, Izumi MASUBUCHI** andNobuhide SubA***

This paperproposes static statefeedbackcontrollerdesignmethodfor linear plantsthat are subjectto polytopic uncer
tainty. Designspecificationsconsideredare robust H,-type disturbanceattenuatiorand/orrobust He,-norm constraintwith

quadraticstabilization.

First,anew parametrizatiorf stabilizingstatefeedbaclgainsandits geometricstructureareinvestigatedNext, conditions
for quadraticstabilizationandthe robust performancesire characterizedby certainfunctionson the parametespace.By op-
timizing theseobjective functions,we canobtainstatefeedbackcontrollersthatsatisfy prescribediesignspecificationsSince
theparametespaceandthe functionsarecorvex, the useof suitablecorvex optimizationalgorithmsassuresisthey converge

to globaloptimum.

This designmethodgivesa realisticandefficient way for designproblemswhich aredifficult to solve analytically Further
by optimizingthe maximumof the objective functions,multiple specificationganbe satisfied.

KeyWords: parametrizatiomf stabilizingstatefeedbaclkgains,quadraticstabilization robust performancepolytopicuncer

tainty, corvex optimization

1. Intr oduction

Synthesif the control systemsn thereal physicalworld is
never ableto avoid theinfluenceof uncertaintieowing to plant
perturbationsmodelingandidentificationerrors,noisecontam-
inationsandsoon. Hence robuststabilizationandrobustdistur
banceattenuatiorhave beenrecognizecasimportantobjectives
of controlsystemssynthesis.

The problemwe study is synthesisof statefeedbackgains
which simultaneouslyand robustly achieve stabilization of
plants with structured parameteruncertaintiesin the state-
space equations, H,-type disturbanceattenuationand He-
norm constraintsor closed-looptransferfunctions. The struc-
tured parametenncertaintieconsideredchereare the polytopic
uncertaintied ¥4 of the coeficient matricesin the state-space
equationsWhile this uncertaintymodelcanpreciselyrepresent
real physical parametemncertaintiels?, it is difficult to derive
analyticalresult£)34).

This papermproposeshefollowing approacho solvetheabove
problemusingconvex optimizationtechnique:

[Stepl]Parametrizestatefeedbackgainsthatstabilizea given
nominalcontrolledplant.

[Step2] Represengiven control specificationsas constraint
functionson the parametespaceobtainedn [Step1l].

[Step3] Solwe a statefeedbackgain satisfyingall the given
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specificationgdy finding a feasiblesolutionvia numericalopti-
mization.

The remarkablepoint is thatthe parametrizatiorproposedn
[Step1]hasthefollowing properties:

(i) It parametrizesll the stabilizingstatefeedbaclgains.
(i) Thecorrespondingarameteregion is provedto bea
corvex set.
(i) The constraintfunctionsin [Step2]are corvex on the
parameteset.
Hence theoptimizationproblemin [Step3]turnsoutcorvex and
thesuitablealgorithmcanfind feasibleor optimalsolutionsglob-
ally. Further recentprogresof the computationapower to per
form the optimizationis alsoanimportantfactorto supportour
numericalapproach.

Literature5)~8), 16) discusscontrolsystemssynthesionthe
basisof parametrizationsf stabilizingstatefeedbackgains. In
5) and 6) a corvex bijective parametrizatiorhasbeenusedto
derive sufficient conditionsfor quadraticstabilizationandrobust
H,- type performance.The other parametrizationsor stabiliz-
ing statefeedbaclgainsareusedin 7), 8) and16). Further for a
restrictedclassof dynamicoutputfeedbackcontrollers,synthe-
sismethodsareproposedisingoptimizationtechniqué 9.

In this papemwe first proposea new parametrizatiomy adding
redundanparameterso the onegivenin 5) and6) andstudyits
geometricstructuresNext, utilizing this parametrizationve de-
rive a necessanand sufficient conditionfor quadraticstabiliz-
ability by statefeedbackagainstthe polytopic structureduncer
tainties. In additionto the quadraticstabilization,we examine
a methodto synthesizestatefeedbackgainsthat achieve robust
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performancesuchas H,-type disturbanceattenuatiorand He

normconstraint.For this purposewe elucidatea necessarand
sufficientconditionfor eachH ,-typedisturbancettenuatiorand
Hw normconstraintin the nominalcaseandthendevelopthem
to robustcase.

The reference¥) and 16) addresson only the quadraticsta-
bilization problem. While the reference8) discussesi, norm
optimizationfor the plantwith structureduncertaintiesye con-
siderthewider classof uncertaintiesArgumentonanothetype
of structureduncertaintieswhichis callednorm bounded uncer-
tainties, with H,, normconstraintcanbefoundin 11).

Theadwantage®f theapproactemplo/edin this paperareas
follows:

e |t givesarealisticandeffective way to solve controllersyn-
thesisproblemsthatarehardto find solutionsin analyticway.
¢ It enablesusto synthesizestatefeedbackgainstaking ex-
plicitly accountsof multiple designspecifications Further it
is possibleto flexibly addnew specificationsf the new ones
arerepresentedyy convex constraintfunctionson the param-

eterspace.

The followings arethe organizationof this paper In the sec-
tion 2, we introducea new parametrizatiorof stabilizing state
feedbackgainsand investigategeometricstructuresof the pa-
rameterspaceln thesection3, we describalesignspecifications
of closed-loomuadraticstability, (robust)H,, disturbancetten-
uationand(robust)H. normconstraintsn termsof the param-
eterspace. Onthebasisof theresults the problemto synthesize
statefeedbackgainssatisfyingthesemultiple designspecifica-
tionsis formulatedasan optimizationproblemin the section4.
Finally we demonstrate numericaldesignexamplevia the pro-
posedmethodin thesections.

2. Parametrization of Stabilizing State Feed-
back Gains

In this section,we give a parametrizatiorof stabilizingstate
feedbackgainsF for the following linear time-irvariant plant
with n dimensionalstatevector x and m dimensionalinput u
(A c Rnxn, B c Rnxm):

X(t) = Ax(t) 4+ Bu(t), (2.2)
(A, B): stabilizableandB: columnfull rank.

Let #s(A,B), PD(n) and Skew(n) denotethe setof statefeed-
backgainsthatstabilize(2.1), the setof n by n symmetricposi-
tive definitematricesandthe setof n by n skew symmetricma-
trices,respectrely.

2.1 Bijective Parametrization

We introducethe parametrizatiorusedin 5) and6). In this
subsection,let Q be an ary but fixed positive definite ma-
trix.

Definition.
(i) Thesetof matricesP € PD(n) satisfying

(1-BB")(AP+PAT +Q)(1—BBT)=0. (2.2

is denotedby PD(n; A, B, Q).
(i) Thesetof matricesSe Skew(n) satisfying

s=BB'sB" (2.3)

is denotedby Skew(n; B).
|
Thefollowing theoremgivesa parametrizatiorof stabilizing
statefeedbaclgains.
Theorem1. 991213 For ary F € £4(A,B), there exist
P € PD(n; A, B, Q) andS € Skew(n; B) thatsatisfy

1
F = —B"(AP+PAT +Q)(I —EBBT)P*l
—BfspL, (2.4)

Corversely F expressedas(2.4) usingary P € PD(n;A,B, Q)
andSe Skew(n;B) belongsto #5(A, B). |

NotethatF € F5(A,B) expresseds(2.4) satisfied yapune
equatior?©)12)

(A+BF)P+P(A+BF)T +Q=0. (2.5)

The parameteispacePD(n; A, B, Q) x Skew (n;B) hasthe fol-
lowing structures:
Theorem2. 12
(i) The set#s(A,B) is diffeomorphicto the productset
PD(n; A, B, Q) x Skew(n;B).

(i) ThesetPD(n;A,B,Q) is anunboundedorvex subset
in thecorvex conePD(n). Thedimensiorof PD(n; A, B, Q) is
Np 2 m(2n—m+1)/2.

(i) ThesetSkew(n;B) isalinearsubspacef Skew(n). The
dimensionof Skew(n; B) is Ng £ m(m— 1)/2.
|
2.2 New Parametrization
The parametrizationin the previous subsectionwith the
fixed parameterQ € PD(n) is satishctory to analyzevarious
propertieéz) becauseit gives diffeomorphic correspondence
with stabilizing statefeedbackgains. However, in the next sec-
tion, we find regardingQ asoneof the parametersorvenientin
orderto representlesignspecification®n the parametespace.
In this subsectionywe describestructuref the parametespace
andthe correspondencef stabilizingstatefeedbackgainsfor a
new parametrizationvith (Q, P,S) asparameters.
Definition.

(i) ThesetZ?(A,B) denotedriples of matrices(Q,P, S),
whereQ andP € PD(n) satisfy(2.2)andS & Skew(n).

(i) Let F(Q,RS) denote a map from Z(A,B) to
Fs(A,B):
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FQRS)
A Lot T A —
= -B'(AP+PAT+Q)(I - 5BB)P
-Bfsp1. (2.6)
|
Thefollowing theoremshaws the structuresof the parameter
spaceZ (A, B):

Theorem 3.

(i) ThesetZ(A,B)isanNy+ Np + Ng-dimensionaton-
vex conein PD(n) x PD(n) x Skew(n), where N 2 n(n-+
1)/2.

(i) Forary F € #5(A,B) andary Q € PD(n), thereexist
P andSsuchthat(Q,P,S) € #(A,B) andF = F(Q,P,S).

(i) For F € #5(AB) let iz denotethe setof (Q,R,S) €
Z(A,B) that satisfiesF = F(Q,P,S).
n(n+ 1)/2-dimensionatorvex conein (A, B), whichis the

The set 1= is an

intersectiorof (A, B) anda certainlinear subspacelefined
by F.
Proof. The statementgi) and (ii) areobvious. The state-
ment (iii) is obtainedby the obsenration that the parameters

(Q,P,S) € - shouldsatisfythelinearconstraint

FP=—B'(AP+PAT +Q)(I — %BBT) -B's

3. Representation of Design Specificationson
the Parameter Space

3.1 Plant Description
Considerthe following linear systemwith structureduncer
tainties:
X(t) = A(B)x(t) + B(6)u(t)
+E,(8)w; (1) +E,(8)w,(t) (3.1)
z(t) =C(0)x(t) +D;(O)u(t),i =1,2.
Here, x(t) € R", u(t) € R™, wi(t) € R%,i = 1,2 and z(t) €
RPi,i = 1,2 denotethe statevariable,controlinput, disturbance
input and controlled output, respectiely. Since we consider
possiblydifferentinput-outputrelationsof the closed-loopsys-
temswith respecto two performancecriteria(H, andH.), we
needto distinguishthemby the subscriptsl and2. Eachmatrix
A(6),B(8),C,(6),D;(8) andE;(8),i = 1,2 is representedith
8 =(6,,-..,6) asfollows:

A(0) = She1 BA

B(6) = Ti=1 6By

Ci(6) = The1 BCio 1 = 1,2, (3.2)
Di(6) = Ti1 ekl:jik’ i=12

Ei(6) = Y1 OB 1 =12,

r
Y 6,=1 6>0k=1,.,1. (3.3)
k=1

Wecall A ,B,,C,,D,, andE,,i=1,2,k=1,...,r vertex matri-
cesanddenotethesetof parameter$ satisfying(3.3)by A. The
form of matricesrepresentedly suchas(3.2)and(3.3)is called
matrix polytope?)®), When6 = 8° € A, the systemis regarded
asa nominalsystemandwritten shortly suchasA(8°) = A and
soon. Theassumptiorwe make for thenominalplantarethat
(A, B): stabilizableandB: columnfull rank.

Letusdenoteby G (s) theclosed-loogiransferfunctionsfrom

w; to z with statefeedbacku(t) = Fx(t):

GP(s) £ (C,(6)+D;(6)F)

(sl 7A(9)7B(9)F)‘1Ei(9). (3.4)

The transferfunctionsfor the nominal plantis particularly de-
notedby G;(s).

3.2 Quadratic Stabilization

Quadraticstability is usefulto studyrobuststability condition
for time-varying uncertaintie. While the definition adopted
herediffersfrom theusualone®) for the sale of simplicity, they
areeasilyfoundequialent.

Definition.
cally stabilizesuncertainsystems{(A(0),B(8)) | 8 € A} when
thereexists P € PD(n) thatsatisfies

We sayF is astatefeedbaclgainthatquadrati-

(A(8) +B(8)F)P+P(A(8) +B(8)F)T <0 (3.5)

forary 6 € A |

Note 1. When (3.5) is satisfied,V (x) = x"P~1x is a Lya-
punor function for ary function 8(t) € A andinitial valuesof
the closed-loogsystem. [ |

The following theoremgives a necessargand sufiicient con-
dition, in termsof 7(A, B), for F to quadraticallystabilizethe
uncertainclosed-loop.

Theorem4. State feedback
F quadraticallystabilizes{(A(6),B(8)) |8 € A} if andonly if
thereexists (Q, P, S) € (A, B) thatsatisfies

F=F(Q,R9), (3.6)
Q(QPY>0,k=1,...,r, (3.7)
whereQ, (s) aredefinedby

Q(Q.P.S EM(Q,P9+ M (QPS),
M, (Q,P,

A — J—
,’S) ::(Ak+BkF(Q: P:S))P (3.8)
=-AP+B,B'(AP+PAT +Q)
(I-3BB")+B,B'S
Proof. (Necessity) When F quadratically

stabilizes{(A(6),B(0))| 6 € A}, thereexists, from the defini-
tion, P > O thatmeety3.5)for ary 8 € A. Sinceit alsoholdsfor
thenominalsystem(8 = 89), thematrix Q definedby

Q2 _(A+BF)P—P(A+BF)T (3.9)



T.SICE Vol.E-1 No.1 2001 157

satisfiexQ € PD(n). Further for thematrix definedby

S2 BFPBB(AP+PAT +Q)(I - %BB*) (3.10)

we have (Q,P,S)e #(A,B) andF = F(Q,P,S)12. Ontheother
hand, the inequalities(3.5) at the vertex matrices(A,,B, ),k =
1,...,r become

—(A+BF)P—P(A+BF)T >0 (3.11)

for k=1,...,r. SubstitutingF = F(Q,P,S) into theseinequali-
ties,we have (3.7).
(Sufficiency) From(3.7) we havefor 8 € A

—(A(8) +B(8)F)P—P(A(8) +B(6)F)T
= S B{-(A+BF)IP—PA+BF)T} >0
k=1

|

In theproof, theresultthatwe canarbitrarily selectthe param-
eterQ € PD(n) (Theorem3, (ii)) is utilized.

Sincethefunctions(ﬂk(o) definedby (3.8) arelinearwith re-
spectto (Q, P, S), thesetof (Q, P, ) thatsatisfy(3.7)is acorvex
cone.Hence thefollowing corollary holds:

Corollary 1. Let T; k=1,...,r be ary positve semidef-
inite matrices. State feedback F quadratically stabilizes
{(A(B),B(0))|6 € A} if andonly if thereexists (Q,P,S) €
Z (A, B) thatsatisfies

F=FQPRS),

QPSS -T, >0,k=1,...,r.

Proof.  Sincethesufficiency is obvious,we provetheneces-
sity. If F quadraticallystabilizes{(A(0),B(0))| 6 € A}, Theo-
rem4 ensuresheexistenceof acertain(Q, P, S) € (A, B) that
satisfie = F(Q,P,S) andQ,(Q,P,9) > 0,k=1,...,r. Hence,
thereexistsa positve numberc suchthat

Cdk(éalﬁaé) >Tk’ k:].,...,l'.

DefineasQ 2 ¢O, P 2 ¢, S2 c& Thenfrom Theorems3, (iii)
and(2.6),we have

QRS € Z(AB),

Hence,

dk(Q’ RS = Cék(@a P, ) > T

holdfork=1,...,r. |

3.3 H,-type Robust Disturbance Attenuation

The H,-type performancecriterion of input-outputrelations
theoreticallyhave a connectionwith the output responsesor
theimpulsive or white noiseinput andreflecttransientresponse
characteristicof systems.In this subsectionye considerH.,-
typerobustdisturbancettenuatiorby statefeedback.

First we considerthe nominalsystem.If F € %#(A,B), then
thefollowing Lyapuna equation

(A+BF)X +X(A+BF)T +E,E{ =0 (3.12)

hasthe positive semidefinitesolutionX uniquely DefineZ as

~ A ~
Z=(C,+D,F)X(C,+D,F)T. (3.13)

Thenwe cangive someH,-type performancecriteria of G (s)
usingZ 4. For example thetraceof Z is equalto the squareof
H, normof G, (s). Whenthe positive semidefinitesolutionX of
(3.12)is the covariancematrix of the statevariable the diagonal
elementf Z coincidewith varianceof eachelementf output
719

Herewe give a necessarandsufficient condition,in termsof
Z (A, B), for statefeedbacko simultaneouslgtabilizethenom-
inal closed-loopsystemandattenuateeachdiagonalelementof
7 lower thana prescribedevel. We denotethe (i, j)-th compo-
nentof M andthe j-th row by [M};; and[M]

Theorem5. Forgiven y; > 0,j=1,...,p,, statefeedback-

respectiely.

jor

stabilizesG (s) andsatisfiegZ];; < y;,j = 1,...,p, if andonly
if thereexists(Q,P,S) € (A, B) thatsatisfies

F=FQPRS), (3.14)
Q-E,E{ >0, (3.15)
a m: ,P,S
T Y (@RS >0, (3.16)
where
m(Q.P,S) 2 [C,P+DW],,, (3.17)
W=W(Q,R ZF(QPRIP
- 1
=—B,B'(AP+PAT +Q)(I — EBBT)
+B,B's (3.18)
Proof. (Necessity) Assumethat G,(s) is stable and

[Z];; < ¥;i = 1,...,p, hold for Z definedby (3.13) using
the positive semidefinitesolution X of the Lyapun equation
(3.12). Let P be the solution of the following Lyapunw equa-
tion
(A+BF)P+P(A+BF)" +EE] +¢l =0

wheres > 0. Thenwe have P > X. In additionif ¢ is sufficiently
small,then

[(C,+DsF)P(CL+D,F) T <V i=100,py
hold. Substitutg3.17)and(3.18)into this, thenwe have

yj_mJ(QaRS)P_lm}—(QaRS)>07 j:]-a"'ap]_'

From the property of positive definitenessf block matrices,

(3.16)follows. Further set

Q2 —(A+BF)P—P(A+BF)T,
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thenQ — E,E] = &l > 0 holds. Defining S as(3.10), we have
(Q,P,Se #(A,B) andF = F(Q,R,S).
(Sufiiciency) Stability of G, (s) is dueto (3.14). From(2.5) and
(3.15),

(A+BF)P+P(A+BF)T +EE] <0
holds. This implies, for the solution X of the Lyapunw equa-
tion (3.12), X < P. Hence from (3.16) we have [Z];; < y;, j =
L...,py.

Next, we considerobustH ,-typedisturbanceattenuatiorun-
der the structureduncertainties.For the restof this subsection,
we assumed € A is a constantvector WhenA(8) + B(0)F is
stable,we denoteby X(8) the positive semidefinitesolution of
theLyapunw equation

(A(6)+B(6)F)X(8) +X(6)(A(6) +B(6)F)"
+E;(0)E(6)T =0,
anddefineZ(0) as

70)2

(3.19)

(C1(6)+D;(8)F)X(8)(Cy(6) +D;(6)F)".(3.20)

Lemmal. Let Y j =1,...,p, bepositive numbers. If the
closed-loopsystemwith statefeedbackF satisfieghefollowing
inequalities:

(A(8)+B(8)F)P+P(A(8) +B(8)F))

+E,(6)E{ () <0,  (3.21)
[(C1(6) +D1(8))P(Cy(8) +Dy1(6))]5; <V
i=1...p (3.22)

for someP € PD(n) andary 6 € A, thentheclosed-loopsystems
is quadraticallystableand

[2(0)];<V;si=1,..,p, "0 €D (3.23)

holdsfor Z(8) definedby (3.19)and(3.20).

Proof. Quadraticstability is trivial. Since (3.21) implies
X(8) < P for X(8) definedby (3.19), we can achieve distur
banceattenuation(3.23)using(3.22). |

Theconditionsin Lemmal is sufficient but not necessaryor
the closed-loopguadraticstability with H.,-type disturbanceat-
tenuation.However, it seemgorvenientandnaturalin thesense
it canbe reducedto cornvex optimizationproblem(seethe fol-
lowing theorem)jn orderto achieve bothspecificationsimulta-
neously

Theorem6. Statefeedbackr satisfiegheinequalitieq3.21)
and (3.22)in Lemmal if andonly if thereexists (Q,R,S) €
Z (A, B) thatsatisfies

F=FQ,R9), (3.24)
Q(QPS —EEf >0 k=1,...,r, (3.25)
4 m., (Q,P,S
— 4 (@RS >0,
M (Q,RS) P
k=1,...,rj=1...,p, (3.26)

where

1 (QPS) £ [CP+DyW(Q,PS)],u. (327)
(Necessity) Let (3.21)and(3.22) hold and con-

sider (3.21) for the nominalcase,i.e., 8 = 8°. Thendefining

Q andSby (3.9) and(3.10), respectrely, we obtain(Q,P,S) €

Z(A,B) andF = F(Q,P,S). Substitutingtheseinto (3.21)and

(3.22) for the caseof vertex (i.e., 6 = 1 for somek), we have

(3.25)and(3.26).

(Sufficiency) Substituting(3.24) into (3.25)and(3.26),thenwe

Proof.

see

—(A+BF)P—P(A +BF)T E
— >0,
E, |
{ v [C1k+leF}jP:| 50
P[Cy+ Dy FI] P
fork=1,...,randj=1,...,p;. Hence,(3.21)and(3.22)hold
forany 6 € A. |

Note 2. All theinequalities(3.15)and(3.16)in Theorem5,
and(3.25)and(3.26)in Theorem6 arecommonin their form,
in which affine matrix functionsof (Q, P, S) arepositive definite.
Hence,the setsof parametersatisfyingtheseinequalitiesare
CONvex.

Further wheny — oo, the conditionsin Theorem6 become
equivalentto

Q(QPS —ELEf >0 k=1,...,r.
From Corollary 1, these are necessaryand sufiicient for
quadraticstability. This meanghe conditionsin Theorem6 are
not consenrative with respecto quadraticstability. |

3.4 RobustHe norm constraint

Constraint®onH«. normcandescribenary closed-loogprop-
ertiessuchasinput-outputrelationsand robust stability condi-
tions for unstructureduncertainties dependingon the closed-
looptransferfunctionsG,(s) to beconsideredWe considethere
stabilizing statefeedbackgainsF that achiere ||G,(s)||» < Kk
for givenk > 0. Thefollowing is the well-known boundedeal
lemma:

Lemma 2. ¥ Theclosed-loogransferfunctionG,(s) is sta-
ble andsatisfied|G,||» < k if andonly if thefollowing Riccati
inequality

(A+BF)P+P(A+BF)T
+K—12P(C2+ D,F)T(C,+D,F)P+E,E] <0
(3.28)

hasa positive definitesolutionP > 0. |
Thenext theoremis derivedfrom Lemmaz2.
Theorem7. StatefeedbackF stabilizesG,(s) andachieves
IG,]l < K if andonly if thereexists (Q,P,S) € Z(A,B) that
satisfies
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Q- E2'52T (C,P+ DZW)T
C,P+D,W K2
Proof.  (Necessity) et G,(s) bestableandsatisfy||G, || <
K. Lemmaz2 ensureq3.28) hasa positive definite solution P.
Usingthis P, define

> 0. (3.30)

Q2 (A+BF)P_P(A+BF)T,

thenwe have Q > 0 from (3.28). Further setSas(3.10), thenwe
canconfirm(Q,R,S) € £(A,B) andF = F(Q,P,S). Substitute
theseinto (3.28), thenwe obtain
Q- K—lzP(Cz—i— D,F)T(C,+D,F)P—E;E] >0.

Hence,(3.30) holds.
(Sufiiciengy) Proceedin the corverseway to the proof of the
necessitythenwe canshaw (3.28)from (3.29)and(3.30). M

Next, we considerthe casewherethe structureduncertainties
exist.

Lemma3. 1 If thereexistsP € PD(n) thatsatisfieghefol-
lowing Riccatiinequality

—(A(6) +B(68)F)P—P(A(6) +-B(6)F)"
5 P(C,(8) + D, (O)F)T (C,(6) + D, (O)F )P

—E,(8)EJ(9) >0 (3.31)
for 8 € A, the closed-loopsystemwith state feedbackF is
quadraticallystableandsatisfies| G || < k for 8 € A. |

Theconditionsin Lemma3 aresuficient for quadraticstabil-
ity with He, norm constraint. The referencell) usesa similar
conditionto Lemmas3 to achieve quadraticstability for atype of
structureduncertaintiedifferentfrom thatin this paper Since
the conditionsin Lemmag3 are corvenientandnaturalto utilize
corvex optimizationtechniquewe employ themin this paper

Theorem8. Statefeedback satisfiesthe inequality (3.31)
in Lemma3 if andonly if thereexists (Q,P,S) € £(A,B) that
satisfies

F=FQPS), (3.32)
A(QPS - ExEj (CyP+DyW)T -0
Cy P+ DWW K2l ’
k=1,...,r (3.33)
Proof. Theproofis similar to thatof Theorem6 andomit-

ted. |
Note 3. The setsof parametershat satisfy Theorem7 and8
arecorvex sets. In a similar way to Note 2, we canverify the
inequalitiesin Theorem8 reduceto the necessarandsufficient
condition
dk(Qv P S) - E_zkE—Zrk >0
by letting k — oo. |

4. ConvexOptimization Problem

We formulatetheresultsobtainedsofar on the statefeedback

designto corvex optimizationproblems.
4.1 Constraint Functions Correspondingto Each Design
Specification

The conditionson parametergorrespondingo designspec-
ifications are all representedas positive definitenessof ma-
trix functionsthat are affine with respectto parameters. Let
®,(Q,P,S) denotethe matrix affine functions. Note that the
matrix inequality ®,(Q,P,S) > 0 is equivalentto ¢(Q,P,S) =
—Amin(®(Q,R,S)) < 0. Further multiple matrix inequalities
®,(Q,R,S) > 0,i =1,2,... areequialentto a singlescalarin-
equality o(Q,P,S) = miax{—)\mm(dbi(Q,RS))}. Both ¢ and
@ are known to be corvex functionson (Q,P,S) ©. We call
¢(Q,P,S) constraint function.

We next shav constraintfunctionsfor quadraticstabilization,
robustH,-typedisturbancettenuatiorandrobustH., normcon-
straints respectiely. For the otherspecificationscorresponding
constrainfunctionsareconstructedimilarly.

[1] Quadratic Stabilization:

Fromcorollary 1, theconstrainfunctionis definedby

»°3(Q,P9

2 1@@{—)\mm((§k(Q, RS -Ty}

usingarbitrarypositive semidefinitel, , k=1,...,r.

[2] Quadratic Stabilization with Robust H.,-type Disturbance
Attenuation:

FromTheorem6, usingthe functionsdefinedby

®(QPRS)
2 lrg&xr{_)\min(dk(Qa PS) —ELEl)}
and
»(Q,R S
e { A {rﬁ}k@, RS P ’

1<k<r

we canconstructhe correspondingonstrainfunctionas

FH(Q,PS £ ma{e,(Q.P.9), B(QP )}

[3] Quadratic Stabilization with Robust He., Norm Perfor-
mance:
FromTheorem8, usingthe functiondefinedby

® QRS
INRACLE ExEx (CxP+DyW)T
Co P+DyW K2l ’

we definethe correspondingonstraintfunctionby

R—Ho A 3 ORHe
¢ QRS = max{—Ay® " (Q.R 9}
4.2 Constraint Function Arising from (A, B)

First, the parametespaceZ? (A, B) haslinear structuresuch
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assymmetryof Q andP, skew symmetryof S, andlinear con-
straints(2.2) and (2.3) betweenthem. Hence,the parameters
(Q,P,S) arerepresentedjsingmutuallyindependenscalarvari-
ablesn; and{;, as

Q 0 _NQ+NP Qi 0
{o P}_ 2, ”i{o F‘J’

Ns
s:;zis,

whereQ,,P. and§ arelinearly independenbasismatricesde-
terminedby theseinearstructures.

Additionally, sinceQ and P shouldbe positive definite, the
constrainfunction

(pQP(Qv P) é -

)‘min |:(§ g}
is alsonecessaryn optimizationprocedure.

4.3 Optimization on Z(A,B)

Like this way statefeedbacldesignproblemis reducedo the
corvex optimizationon (A, B). In the numericalexamplein
the section5 we have usedthe ellipsoid method® asan opti-
mization algorithm. This algorithm needssubgradient®of the
constrainfunctions,which aregivenin the Appendix.

Now considerto solve statefeedbaclgainthatachievessimul-
taneouslyrobustH,-typeandH« normconstraints Definetwo
setsin & (A, B) that satisfy the two specificationsorrespond-
ingly by

OR-H;

2{(QPS e Z(AB)|F™(QPS <0}
QR—Hoo

2{QP9 e 2(AB)| " "(QPS <0}

Notethat,from Theorem3, a statefeedbaclgainF satisfying
theconditionsin Theoremb6 andthosein Theoren8 existsif and
only if

QRN £0 and QR M N £ 0. (4.1)
It is not clear whetherthe problemto find suchF reducesto
a corvex optimizationproblemor not. However, we canfind
(Q,P,S), by corvex optimization,thatsatisfies
F=FQPRS, (QRgeca¥na® - (42
whichis only a sufficient conditionfor (4.1).

5. Numerical Example

The controlledplant in this numericalexampleis so-called
two-mass-springystemshavn in Fig. 1, wheretwo cartswith
massM,; = 1andM, = 1 areconnectedy aspringwith stiffness
K=1.

The control input (force) is addedto the left cart. Assume
the valuesof K and M; have uncertaintiesin both £10% of
their nominalvalues. Let p; and p, denote,respectiely, the
positionsof the left and right cartsand the statevariablesbe
[X X5 X3 X4] = [P Py Py P,]. Thedisturbancénputforcedto the
left andright cartsaredenotedoy w,, andw,, respectrely. The
controlledoutputz, is the positionof the right cart (z, = p,),
while the controlinputu is includedin z;, i.e.,z; = [p, U].

Thenthe statespaceealizationis

0 0 10 0
0 0 01 0
A= ,B= :
~h, h, 00 hy
h, —h, 0 0 0
Ef=[0 0 0 1],EJ=[0 0 1 0],
0100 0
[0 0 0 o2 L1}
0000 1
C,=[0 1 0 0],D,=0,

where
K K 1
hy,ho,h) = () ——, ——) = (1,1,1
(]_1 2 3) (M]_’MZ’M]_) (77)

for thenominalplant. Ontheotherhand,consideringheuncer
taintiesof K andM,, we canspecifyfour vertex matricesby the
correspondingaluesof (h;,h,,h,), i.e.,
(0.82,0.90,0.91),
(1.00,0.90,1.11),

(1.00,1.10,0.91),
(1.22,1.10,1.11).

Designspecificationaregivenasfollows:

[1] Theclosed-loopsystemis quadraticallystabilized.

[2] ThematricesZ(8) givenby (3.20)satisfies

[2(0)],, < 0.5, [Z(8)],, < 80, V6 € A

[3] 1G8]lo < 1.5,76 € A.

Hence the constraintfunctionsemployed are Rz, @R
in the subsectiort.1and ¢®F in the subsectiont.2.

It took 30 minutesfor the computatiorwith PRO-MATLAB
on SunSparcStationlPX. The calculatedpbarameterare

2.037 —-0.140 —2.194 -0.853
—0.140 0197 0.268 —0.079
- —2194 0268 9091 0.266 |’
—0.853 —-0.079 0.266 1.581
controledoutput
disturbance Pr P P2 P2 gisturbance
inputw, v K " inputw,;
control — L VM 2
inputu © © © ©

Fig.1 Two-mass-springystem
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25 T T Solid line: nominal, dashed lines: vertexes

From: U(1)
0.7 T
2k 4

L \ 4
06 i

imaginal part
o =
) @ - «
T T T T
L

L
=4
o

Controlled Output

|
N
T

-1.5F B

25 I I I I I I I I I
-2.6 -2.4 -2.2 -2 -1.8 -16 -1.4 -1.2 -1 -0.8 -0.6 -0.1 L L L L L L L L L
real part 0 1 2 3 4 5 6 7 8 9 10

time [s]

Fig.2 Closed-loompoles
Fig.3 Impulseresponsesf controloutput

2805 -0.624 -1019 -0.889 Solid line: nominal, dashed lines: vertexes
—0.624 0498 1.029 -0.099 1 fom v
—1019 1.029 1245 -2576|
—0.889 —-0.099 —-2576 1.201
Notethat,for scalaiinputplantslik e thisexample,S= 0 because

Ng = 0. Thus,we obtaina statefeedbackgain

F=[-1068 —4.974 —4567 —17.28].

Control Input
To: Y(1)

Fig. 2 shaws the plots of the closed-looppolescorresponding
to thevaluesof 8 € A sampledwith theequivalentinterval. The
valuesof [2(6)]jj for the nominalandfour vertex systemsare

givenin Tablel. Fig. 3 andFig. 4 demonstrateéhe responses

of the controlledoutputz, = p, andcontrolinput u in the case

—20 L L L L L L I I I
[

.ﬁ
~
w
IS
@
£y
~
o
©
5

thattheunitimpulseis inputasw; . Finally, theBodediagramof time [s]

GY(s) isgivenin Fig. 5.
Fig.4 Impulseresponsesf controlinput

Table1l Valuesof Z(6)

= = Solid line: nominal, dashed lines: vertexes
[£(6)]1; [Z(6)], w :

nominal| 0.352  51.43
vertexes| 0.413  59.50

0.401 41.51
0.110 40.67
0.289 40.06

6. Conclusion

In this paperwe proposea new parametrizatiorf stabilizing
statefeedbackgains. Using this, we first elucidatethe parame-
terscorrespondingdo the statefeedbackgainsthatquadratically

stabilizeplantswith polytopicstructureduncertaintiesNext, we

-2
I

also characterizestatefeedbackgainsthat achiere the perfor 0 ﬁequenlfj o] 10!
mancesof H,-type disturbanceattenuatiorandHe norm con-

. . . . i 0
straints respectiely, in termsof the parametersFinally, based Fig-5 Bodeplotsof G; (s)

ontheseresults we give amethodto designstatefeedbaclgains
thatsimultaneouslyandrobustly accomplistguadraticstabiliza-
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tion, H,-type disturbanceattenuatiorandH., norm constraints
via corvex optimizationtechnique. For this purpose,we con-
sidercertainrobustperformancesonditions which seemcorve-
nientandnatural,andderive their necessanandsuficient con-
ditionscharacterizethy the parameters.
Thefollowing itemsremainfor the futurework:
e To reducethe conseratism of the proposedmethod in
achiezementof multiple specificationsasis discussedn the
subsectiort.3,we shoulddevelopthe designmethodto find a
statefeedbaclgainsF thatsatisfieghe condition(4.1).
¢ We shouldextendthe methodto outputfeedbackcontroller
design.
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Appendix

In this appendix,we describesubgradient®f the constraint
functionsin the section4. Let d ¢ denotethe subgradierJrP) of
¢. Notethatall the constrainfunctionsin the section4 arerep-
resentedy thefollowing form

q): mkax{%(naZ)}’ % = 7)‘minHk(n1 Z)a

using certain matricesH, (n,{) whereH,(n,{) is symmetric
matrix-valuedaffine functionswith respectto (n,{) andn =
(n;) € RNe*tNe and ¢ = (g;) € RNs areparametersf Q,P and
S definedin the subsectior.2. Let v be the eigervectorcorre-
spondingto the minimum eigervalueof H,. Thenthe subgradi-
entsof ¢ aregivenby

29, T 0H,

— =V —V

an; an;
andso are thoseof d¢,/d¢;, similarly®). Further let k be the
subscripkaat(n, ) thatsatisfiesp.(n,{) = max{¢(n,{)}. We
have oneof the subgradienof ¢ at(n, {):

Jdp. 0

ﬁ7 ﬁ c d(p

an’ d¢

Hence,it is sufficient for usto know dH, /dn;, which consist

of combinationsof the partial derivatives of W(e) and Mk(o).
They areasfollows:

g_\’/;i/ = B' AP +PAT+Q)(1 - %BBT)’
‘;_'\’;Iik - _(Kk|5i+§kg—\:7\:):
d%ik =BB'S.
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