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This paperproposesa staticstatefeedbackcontrollerdesignmethodfor linear plantsthat aresubjectto polytopic uncer-

tainty. Designspecificationsconsideredarerobust H2-type disturbanceattenuationand/orrobust H∞-norm constraintwith
quadraticstabilization.

First,anew parametrizationof stabilizingstatefeedbackgainsandits geometricstructureareinvestigated.Next, conditions
for quadraticstabilizationandtherobustperformancesarecharacterizedby certainfunctionson theparameterspace.By op-
timizing theseobjective functions,wecanobtainstatefeedbackcontrollersthatsatisfyprescribeddesignspecifications.Since
theparameterspaceandthefunctionsareconvex, theuseof suitableconvex optimizationalgorithmsassuresusthey converge
to globaloptimum.

This designmethodgivesa realisticandefficient way for designproblemswhich aredifficult to solve analytically. Further,
by optimizingthemaximumof theobjective functions,multiple specificationscanbesatisfied.

Key Words: parametrizationof stabilizingstatefeedbackgains,quadraticstabilization,robustperformance,polytopicuncer-
tainty, convex optimization

1. Intr oduction

Synthesisof thecontrol systemsin therealphysicalworld is

never ableto avoid theinfluenceof uncertaintiesowing to plant

perturbations,modelingandidentificationerrors,noisecontam-

inationsandsoon. Hence,robuststabilizationandrobustdistur-

banceattenuationhave beenrecognizedasimportantobjectives

of controlsystemssynthesis.

The problemwe study is synthesisof statefeedbackgains

which simultaneouslyand robustly achieve stabilization of

plants with structured parameteruncertaintiesin the state-

space equations, H2-type disturbanceattenuationand H∞-

norm constraintsfor closed-looptransferfunctions. The struc-

turedparameteruncertaintiesconsideredherearethepolytopic

uncertainties2
�
3
�
4
�

of the coefficient matricesin the state-space

equations.While this uncertaintymodelcanpreciselyrepresent

real physicalparameteruncertainties1
�
, it is difficult to derive

analyticalresults2
�
3
�
4
�
.

Thispaperproposesthefollowing approachto solvetheabove

problemusingconvex optimizationtechnique:

[Step1]Parametrizestatefeedbackgainsthatstabilizeagiven

nominalcontrolledplant.

[Step2] Representgiven control specificationsas constraint

functionson theparameterspaceobtainedin [Step1].

[Step3] Solve a statefeedbackgain satisfyingall the given�
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specificationsby finding a feasiblesolutionvia numericalopti-

mization.

The remarkablepoint is that theparametrizationproposedin

[Step1]hasthefollowing properties:

(i) It parametrizesall thestabilizingstatefeedbackgains.

(ii) Thecorrespondingparameterregion is proved to bea

convex set.

(iii) The constraintfunctionsin [Step2]areconvex on the

parameterset.

Hence,theoptimizationproblemin [Step3]turnsoutconvex and

thesuitablealgorithmcanfind feasibleor optimalsolutionsglob-

ally. Further, recentprogressof thecomputationalpower to per-

form theoptimizationis alsoanimportantfactorto supportour

numericalapproach.

Literature5)� 8), 16)discusscontrolsystemssynthesisonthe

basisof parametrizationsof stabilizingstatefeedbackgains. In

5) and 6) a convex bijective parametrizationhasbeenusedto

derivesufficientconditionsfor quadraticstabilizationandrobust

H2- type performance.Theotherparametrizationsfor stabiliz-

ing statefeedbackgainsareusedin 7), 8) and16). Further, for a

restrictedclassof dynamicoutputfeedbackcontrollers,synthe-

sismethodsareproposedusingoptimizationtechnique9
�
10
�
.

In thispaperwefirst proposeanew parametrizationby adding

redundantparametersto theonegivenin 5) and6) andstudyits

geometricstructures.Next, utilizing this parametrizationwe de-

rive a necessaryandsufficient conditionfor quadraticstabiliz-

ability by statefeedbackagainstthepolytopicstructureduncer-

tainties. In additionto the quadraticstabilization,we examine

a methodto synthesizestatefeedbackgainsthatachieve robust
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performancessuchasH2-type disturbanceattenuationandH∞

normconstraint.For this purpose,we elucidatea necessaryand

sufficientconditionfor eachH2-typedisturbanceattenuationand

H∞ normconstraintin thenominalcaseandthendevelopthem

to robustcase.

The references7) and16) addresson only the quadraticsta-

bilization problem. While the reference8) discussesH2 norm

optimizationfor theplantwith structureduncertainties,we con-

siderthewiderclassof uncertainties.Argumentsonanothertype

of structureduncertainties,which is callednorm bounded uncer-

tainties, with H∞ normconstraintscanbefoundin 11).

Theadvantagesof theapproachemployedin this paperareas

follows:� It givesarealisticandeffectiveway to solvecontrollersyn-

thesisproblemsthatarehardto find solutionsin analyticway.� It enablesus to synthesizestatefeedbackgainstaking ex-

plicitly accountsof multiple designspecifications.Further, it

is possibleto flexibly addnew specificationsif thenew ones

arerepresentedby convex constraintfunctionson theparam-

eterspace.

The followingsaretheorganizationof this paper. In thesec-

tion 2, we introducea new parametrizationof stabilizingstate

feedbackgainsand investigategeometricstructuresof the pa-

rameterspace.In thesection3,wedescribedesignspecifications

of closed-loopquadraticstability, (robust)H2 disturbanceatten-

uationand(robust)H∞ normconstraintsin termsof theparam-

eterspace.On thebasisof theresults,theproblemto synthesize

statefeedbackgainssatisfyingthesemultiple designspecifica-

tions is formulatedasanoptimizationproblemin thesection4.

Finally wedemonstratea numericaldesignexamplevia thepro-

posedmethodin thesection5.

2. Parametrization of Stabilizing State Feed-
back Gains

In this section,we give a parametrizationof stabilizingstate

feedbackgainsF for the following linear time-invariant plant

with n dimensionalstatevector x and m dimensionalinput u

(A � Rn  n � B � Rn  m):

ẋ � t ��� Ax � t ��� Bu � t � � (2.1)� A � B � : stabilizableandB: columnfull rank.

Let � s � A � B � , PD � n � andSkew � n � denotethe setof statefeed-

backgainsthatstabilize(2.1), thesetof n by n symmetricposi-

tive definitematricesandthesetof n by n skew symmetricma-

trices,respectively.

2.1 Bijective Parametrization

We introducethe parametrizationusedin 5) and6). In this

subsection,let Q be an any but fixed positive definite ma-

trix.

Definition.

(i) Thesetof matricesP � PD � n � satisfying� I � BB† ��� AP � PAT � Q ��� I � BB† ��� 0 � � 2 � 2�
is denotedby PD � n;A � B � Q � .

(ii) Thesetof matricesS � Skew � n � satisfying

S � BB†SBB† � 2 � 3�
is denotedby Skew � n;B � .
The following theoremgivesa parametrizationof stabilizing

statefeedbackgains.

Theorem1. 5
�
6
�
12
�
13
�

For any F ��� s � A � B � , there exist

P � PD � n;A � B � Q � andS � Skew � n;B � thatsatisfy

F ��� B† � AP � PAT � Q ��� I � 1
2

BB† � P � 1� B†SP � 1 � (2.4)

Conversely, F expressedas(2.4) usingany P � PD � n;A � B � Q �
andS � Skew � n;B � belongsto � s � A � B � .

NotethatF ��� s � A � B � expressedas(2.4) satisfiesLyapunov

equation5
�
6
�
12
�� A � BF � P � P � A � BF � T � Q � 0 � � 2 � 5�

The parameterspacePD � n;A � B � Q ��� Skew � n;B � hasthe fol-

lowing structures:

Theorem2. 12
�

(i) The set � s � A � B � is diffeomorphicto the productset

PD � n;A � B � Q ��� Skew � n;B � .
(ii) ThesetPD � n;A � B � Q � is anunboundedconvex subset

in theconvex conePD � n � . Thedimensionof PD � n;A � B � Q � is

NP

 � m � 2n � m � 1�"! 2.

(iii) ThesetSkew � n;B � isalinearsubspaceof Skew � n � . The

dimensionof Skew � n;B � is NS

 � m � m � 1�"! 2.

2.2 New Parametrization

The parametrizationin the previous subsectionwith the

fixed parameterQ � PD � n � is satisfactory to analyzevarious

properties12
�

becauseit gives diffeomorphic correspondence

with stabilizingstatefeedbackgains.However, in thenext sec-

tion, we find regardingQ asoneof theparametersconvenientin

orderto representdesignspecificationson theparameterspace.

In this subsection,wedescribestructuresof theparameterspace

andthecorrespondenceof stabilizingstatefeedbackgainsfor a

new parametrizationwith � Q � P� S � asparameters.

Definition.

(i) The set #$� A � B � denotestriples of matrices � Q � P� S � ,
whereQ andP � PD � n � satisfy(2.2)andS � Skew � n � .

(ii) Let F � Q � P� S � denote a map from #%� A � B � to� s � A � B � :
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F � Q � P� S � �(� B† � AP � PAT � Q �)� I � 1
2

BB† � P � 1� B†SP � 1 � (2.6)

The following theoremshows thestructuresof theparameter

space#$� A � B � :
Theorem3.

(i) Theset #$� A � B � is anNQ � NP � NS-dimensionalcon-

vex cone in PD � n �*� PD � n �+� Skew � n � , whereNQ

 � n � n �
1�"! 2,

(ii) For any F �-� s � A � B � andany Q � PD � n � , thereexist

P andS suchthat � Q � P� S �.�/#%� A � B � andF � F � Q � P� S � .
(iii) For F �0� s � A � B � let πF denotethe setof � Q � P� S �*�#%� A � B � that satisfiesF � F � Q � P� S � . The set πF is an

n � n � 1�"! 2-dimensionalconvex conein #$� A � B � , whichis the

intersectionof #$� A � B � anda certainlinearsubspacedefined

by F .

Proof. The statements(i) and(ii) areobvious. The state-

ment (iii) is obtainedby the observation that the parameters� Q � P� S �.� πF shouldsatisfythelinearconstraint

FP �(� B† � AP � PAT � Q ��� I � 1
2

BB† �1� B†S �
3. Representation of Design Specificationson

the Parameter Space

3.1 Plant Description

Considerthe following linear systemwith structureduncer-

tainties:2334 335 ẋ � t ��� A � θ � x � t ��� B � θ � u � t �� E1 � θ � w1 � t ��� E2 � θ � w2 � t �
zi � t ��� Ci � θ � x � t ��� Di � θ � u � t � � i � 1 � 2 � (3.1)

Here, x � t �6� Rn, u � t �6� Rm, wi � t �6� Rqi � i � 1 � 2 and zi � t �6�
Rpi � i � 1 � 2 denotethestatevariable,control input, disturbance

input and controlled output, respectively. Since we consider

possiblydifferentinput-outputrelationsof the closed-loopsys-

temswith respectto two performancecriteria(H2 andH∞), we

needto distinguishthemby thesubscripts1 and2. Eachmatrix

A � θ � � B � θ � � Ci � θ � � Di � θ � andEi � θ � � i � 1 � 2 is representedwith

θ �7� θ1
� �"�8� � θr � asfollows:233333334 33333335

A � θ ��� ∑r
k 9 1θkĀk

�
B � θ ��� ∑r

k 9 1θkB̄k
�

Ci � θ ��� ∑r
k 9 1θkC̄ik

� i � 1 � 2 �
Di � θ ��� ∑r

k 9 1 θkD̄ik
� i � 1 � 2 �

Ei � θ ��� ∑r
k 9 1 θkĒik

� i � 1 � 2 � (3.2)

r

∑
k 9 1

θk � 1 � θk : 0 � k � 1 � �8�"� � r� (3.3)

Wecall Āk
� B̄k
� C̄ik

� D̄ik andĒik
� i � 1 � 2 � k � 1 � �"�"� � r vertex matri-

ces anddenotethesetof parametersθ satisfying(3.3)by ∆. The

form of matricesrepresentedby suchas(3.2)and(3.3) is called

matrix polytope2
�
3
� , Whenθ � θ 0 � ∆, thesystemis regarded

asa nominalsystemandwritten shortlysuchasA � θ 0 �.� A and

soon. Theassumptionwemake for thenominalplantarethat� A � B � : stabilizableandB: columnfull rank.

Letusdenoteby Gθ
i � s � theclosed-looptransferfunctionsfrom

wi to zi with statefeedbacku � t ��� Fx � t � :
Gθ

i � s �  �;� Ci � θ �'� Di � θ � F �� sI � A � θ �1� B � θ � F � � 1Ei � θ �)� (3.4)

The transferfunctionsfor the nominalplant is particularlyde-

notedby Gi � s � .
3.2 Quadratic Stabilization

Quadraticstability is usefulto studyrobuststabilitycondition

for time-varying uncertainties1
�
. While the definition adopted

herediffersfrom theusualone1
�

for thesake of simplicity, they

areeasilyfoundequivalent.

Definition. WesayF is a statefeedbackgainthatquadrati-

cally stabilizesuncertainsystems<=� A � θ � � B � θ �"�?> θ � ∆ @ when

thereexistsP � PD � n � thatsatisfies� A � θ ��� B � θ � F � P � P � A � θ ��� B � θ � F � T A 0 � 3 � 5�
for any θ � ∆

Note 1. When � 3 � 5� is satisfied,V � x �+� xT P � 1x is a Lya-

punov function for any function θ � t �*� ∆ and initial valuesof

theclosed-loopsystem.

The following theoremgivesa necessaryandsufficient con-

dition, in termsof #%� A � B � , for F to quadraticallystabilizethe

uncertainclosed-loop.

Theorem4. State feedback

F quadraticallystabilizes <=� A � θ � � B � θ �"�B> θ � ∆ @ if andonly if

thereexists � Q � P� S �.�C#$� A � B � thatsatisfies

F � F � Q � P� S � � (3.6)

Q̄k � Q � P� S �.D 0 � k � 1 � �8�"� � r� (3.7)

whereQ̄k � � � aredefinedby2333334 333335
Q̄k � Q � P� S �  � M̄k � Q � P� S ��� M̄T

k � Q � P� S � �
M̄k � Q � P� S �  �(�E� Āk � B̄kF � Q � P� S �"� P�(� ĀkP � B̄kB† � AP � PAT � Q �� I � 1

2 BB† ��� B̄kB†S � (3.8)

Proof. (Necessity) When F quadratically

stabilizes <�� A � θ � � B � θ �"�1> θ � ∆ @ , thereexists, from the defini-

tion, P D 0 thatmeets(3.5)for any θ � ∆. Sinceit alsoholdsfor

thenominalsystem(θ � θ 0), thematrix Q definedby

Q
 �F�G� A � BF � P � P � A � BF � T � 3 � 9�
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satisfiesQ � PD � n � . Further, for thematrix definedby

S
 �(� BFP � BB† � AP � PAT � Q ��� I � 1

2
BB† � � 3 � 10�

we have � Q � P� S �)�0#$� A � B � andF � F � Q � P� S � 12
�
. On theother

hand,the inequalities � 3 � 5� at the vertex matrices � Āk
� B̄k � � k �

1 � �"�"� � r become�G� Āk � B̄kF � P � P � Āk � B̄kF � T D 0 � 3 � 11�
for k � 1 � �"�"� � r. SubstitutingF � F � Q � P� S � into theseinequali-

ties,we have � 3 � 7� .
(Sufficiency) From � 3 � 7� we have for θ � ∆�E� A � θ ��� B � θ � F � P � P � A � θ ��� B � θ � F � T� r

∑
k 9 1

θi <'�E� Āk � B̄kF � P � P � Āk � B̄kF � T @6D 0 �
In theproof,theresultthatwecanarbitrarilyselecttheparam-

eterQ � PD � n � (Theorem3, (ii)) is utilized.

Sincethe functionsQ̄k � � � definedby (3.8) arelinearwith re-

spectto � Q � P� S � , thesetof � Q � P� S � thatsatisfy(3.7) is aconvex

cone.Hence,thefollowing corollaryholds:

Corollary 1. Let Tk ; k � 1 � �"�8� � r be any positive semidef-

inite matrices. State feedback F quadratically stabilizes<�� A � θ � � B � θ �"�1> θ � ∆ @ if and only if there exists � Q � P� S �I�#$� A � B � thatsatisfies

F � F � Q � P� S � �
Q̄k � Q � P� S �1� Tk D 0 � k � 1 � �8�"� � r�

Proof. Sincethesufficiency is obvious,weprovetheneces-

sity. If F quadraticallystabilizes<=� A � θ � � B � θ �"�B> θ � ∆ @ , Theo-

rem4 ensurestheexistenceof acertain � Q̂ � P̂ � Ŝ �.�0#$� A � B � that

satisfiesF � F � Q̂ � P̂ � Ŝ � andQ̄k � Q̂ � P̂ � Ŝ ��D 0 � k � 1 � �"�"� � r. Hence,

thereexistsa positivenumberc suchthat

cQ̄k � Q̂ � P̂ � Ŝ �JD Tk
� k � 1 � �"�"� � r�

DefineasQ
 � cQ̂ � P  � cP̂ � S  � cŜ � Thenfrom Theorem3, (iii)

and(2.6),we have� Q � P� S �.�K#$� A � B � �
F � Q � P� S ��� F � Q̂ � P̂ � Ŝ ��� F

Hence,

Q̄k � Q � P� S ��� cQ̄k � Q̂ � P̂ � Ŝ �JD Tk

hold for k � 1 � �"�8� � r.

3.3 H2-type Robust DisturbanceAttenuation

The H2-type performancecriterion of input-outputrelations

theoreticallyhave a connectionwith the output responsesfor

theimpulsive or white noiseinput andreflecttransientresponse

characteristicsof systems.In this subsection,we considerH2-

typerobustdisturbanceattenuationby statefeedback.

First we considerthenominalsystem.If F �L� s � A � B � , then

thefollowing Lyapunov equation� A � BF � X̃ � X̃ � A � BF � T � E1ET
1 � 0 � 3 � 12�

hasthepositive semidefinitesolutionX̃ uniquely. DefineZ̃ as

Z̃
 �7� C1 � D1F � X̃ � C1 � D1F � T � � 3 � 13�

Thenwe cangive someH2-type performancecriteria of G1 � s �
usingZ̃ 14

�
. For example,thetraceof Z̃ is equalto thesquareof

H2 normof G1 � s � . WhenthepositivesemidefinitesolutionX̃ of

(3.12)is thecovariancematrixof thestatevariable,thediagonal

elementsof Z̃ coincidewith variancesof eachelementof output

z1
13
�
.

Herewe give a necessaryandsufficient condition,in termsof#%� A � B � , for statefeedbackto simultaneouslystabilizethenom-

inal closed-loopsystemandattenuateeachdiagonalelementof

Z̃ lower thana prescribedlevel. We denotethe � i � j � -th compo-

nentof M andthe j-th row by MM N i j and MM N j O , respectively.

Theorem5. For givenγ j D 0 � j � 1 � �"�"� � p1, statefeedbackF

stabilizesG1 � s � andsatisfiesM Z̃ N j j
A γ j

� j � 1 � �"�"� � p1 if andonly

if thereexists � Q � P� S �.�K#$� A � B � thatsatisfies

F � F � Q � P� S � � (3.14)

Q � E1ET
1 D 0 � (3.15)P

γ j m j � Q � P� S �
mT

j � Q � P� S � P Q D 0 � (3.16)

where

m j � Q � P� S �  �7MC1P � D1W N j O � (3.17)

W � W � Q � P� S �  � F � Q � P� S � P�(� B̄kB† � AP � PAT � Q �)� I � 1
2

BB† �� B̄kB†S � (3.18)

Proof. (Necessity) Assume that G1 � s � is stable andM Z̃ N j j
A γ j

� j � 1 � �8�"� � p1 hold for Z̃ defined by (3.13) using

the positive semidefinitesolution X̃ of the Lyapunov equation

(3.12). Let P be the solutionof the following Lyapunov equa-

tion � A � BF � P � P � A � BF � T � E1ET
1 � εI � 0

whereε D 0. ThenwehaveP D X̃ . In additionif ε is sufficiently

small,thenMR� C1 � D1F � P � C1 � D1F � T N j j
A γ j

� j � 1 � �"�8� � p1

hold. Substitute(3.17)and(3.18)into this, thenwe have

γ j � m j � Q � P� S � P � 1mT
j � Q � P� S ��D 0 � j � 1 � �"�8� � p1 �

From the property of positive definitenessof block matrices,

(3.16)follows. Further, set

Q
 �(�G� A � BF � P � P � A � BF � T �
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thenQ � E1ET
1 � εI D 0 holds. DefiningS as � 3 � 10� , we have� Q � P� S �)�/#$� A � B � andF � F � Q � P� S � .

(Sufficiency) Stability of G1 � s � is dueto (3.14).From � 2 � 5� and� 3 � 15� , � A � BF � P � P � A � BF � T � E1ET
1
A 0

holds. This implies, for the solution X̃ of the Lyapunov equa-

tion � 3 � 12� , X̃ A P� Hence,from � 3 � 16� we have M Z̃ N j j
A γ j

� j �
1 � �"�"� � p1 �

Next, we considerrobustH2-typedisturbanceattenuationun-

der thestructureduncertainties.For the restof this subsection,

we assumeθ � ∆ is a constantvector. WhenA � θ �T� B � θ � F is

stable,we denoteby X̃ � θ � thepositive semidefinitesolutionof

theLyapunov equation� A � θ �'� B � θ � F � X̃ � θ ��� X̃ � θ ��� A � θ ��� B � θ � F � T� E1 � θ � E1 � θ � T � 0 � (3.19)

anddefineZ̃ � θ � as

Z̃ � θ �  �U� C1 � θ �V� D1 � θ � F � X̃ � θ ��� C1 � θ �V� D1 � θ � F � T � (3.20)

Lemma 1. Let γ j
� j � 1 � �"�8� � p1 be positive numbers. If the

closed-loopsystemwith statefeedbackF satisfiesthefollowing

inequalities:� A � θ �'� B � θ � F � P � P � A � θ ��� B � θ � F �"�� E1 � θ � ET
1 � θ � A 0 � (3.21)MR� C1 � θ ��� D1 � θ �"� P � C1 � θ ��� D1 � θ �"�WN j j

A γ j
�

j � 1 � �"�"� � p1 (3.22)

for someP � PD � n � andany θ � ∆, thentheclosed-loopsystems

is quadraticallystableandM Z̃ � θ �XN j j
A γ j

� j � 1 � �"�"� � p1
�ZY θ � ∆ � 3 � 23�

holdsfor Z̃ � θ � definedby (3.19)and(3.20).

Proof. Quadraticstability is trivial. Since(3.21) implies

X̃ � θ � A P for X̃ � θ � definedby (3.19), we can achieve distur-

banceattenuation(3.23)using(3.22).

Theconditionsin Lemma1 is sufficient but not necessaryfor

theclosed-loopquadraticstability with H2-typedisturbanceat-

tenuation.However, it seemsconvenientandnaturalin thesense

it canbe reducedto convex optimizationproblem(seethe fol-

lowing theorem),in orderto achievebothspecificationssimulta-

neously.

Theorem6. StatefeedbackF satisfiestheinequalities(3.21)

and (3.22) in Lemma1 if and only if thereexists � Q � P� S �[�#$� A � B � thatsatisfies

F � F � Q � P� S � � (3.24)

Q̄k � Q � P� S �1� Ē1kĒT
1k D 0 � k � 1 � �"�"� � r� (3.25)P γ j m̄ jk � Q � P� S �

m̄T
jk � Q � P� S � P Q D 0 �

k � 1 � �"�"� � r� j � 1 � �"�"� � p1
� (3.26)

where

m̄ jk � Q � P� S �  �\M C̄1kP � D̄1kW � Q � P� S �WN j O � � 3 � 27�
Proof. (Necessity) Let (3.21) and(3.22) hold andcon-

sider (3.21) for the nominalcase,i.e., θ � θ 0. Thendefining

Q andS by (3.9) and(3.10),respectively, we obtain � Q � P� S �+�#%� A � B � andF � F � Q � P� S � . Substitutingtheseinto (3.21)and

(3.22) for the caseof vertex (i.e., θk � 1 for somek), we have

(3.25)and(3.26).

(Sufficiency) Substituting� 3 � 24� into (3.25)and(3.26),thenwe

see P �E� Āk � B̄kF � P � P � Āk � B̄kF � T Ēk

ĒT
k I Q D 0 �P

γ j M C̄1k � D̄1kF N jP
P M C̄1k � D̄1kF N Tj P Q D 0

for k � 1 � �"�"� � r and j � 1 � �"�"� � p1. Hence,(3.21)and(3.22)hold

for any θ � ∆.

Note 2. All the inequalities(3.15)and(3.16) in Theorem5,

and(3.25)and(3.26) in Theorem6 arecommonin their form,

in whichaffinematrix functionsof � Q � P� S � arepositivedefinite.

Hence,the setsof parameterssatisfyingtheseinequalitiesare

convex.

Further, when γ ] ∞, the conditionsin Theorem6 become

equivalentto

Q̄k � Q � P� S �1� Ē1kĒT
1k D 0 � k � 1 � �"�"� � r�

From Corollary 1, these are necessaryand sufficient for

quadraticstability. This meanstheconditionsin Theorem6 are

notconservative with respectto quadraticstability.

3.4 Robust H∞ norm constraint

ConstraintsonH∞ normcandescribemany closed-loopprop-

ertiessuchasinput-outputrelationsandrobust stability condi-

tions for unstructureduncertainties,dependingon the closed-

looptransferfunctionsG2 � s � to beconsidered.Weconsiderhere

stabilizing statefeedbackgainsF that achieve ^ G2 � s ��^ ∞ A κ
for givenκ D 0. Thefollowing is thewell-known boundedreal

lemma:

Lemma 2. 15
�

Theclosed-looptransferfunctionG2 � s � is sta-

ble andsatisfieŝ G2 ^ ∞ A κ if andonly if thefollowing Riccati

inequality� A � BF � P � P � A � BF � T� 1
κ2 P � C2 � D2F � T � C2 � D2F � P � E2ET

2
A 0

(3.28)

hasa positivedefinitesolutionP D 0.

Thenext theoremis derivedfrom Lemma2.

Theorem7. StatefeedbackF stabilizesG2 � s � andachieves^ G2 ^ ∞ A κ if andonly if thereexists � Q � P� S �+�_#%� A � B � that

satisfies

F � F � Q � P� S � � (3.29)
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`P
Q � E2ET

2 � C2P � D2W � T
C2P � D2W κ2I Q D 0 � (3.30)

Proof. (Necessity)Let G2 � s � bestableandsatisfy ^ G2 ^ ∞ A
κ. Lemma2 ensures� 3 � 28� hasa positive definitesolutionP.

Usingthis P, define

Q
 �(�G� A � BF � P � P � A � BF � T �

thenwehaveQ D 0 from (3.28).Further, setS as � 3 � 10� , thenwe

canconfirm � Q � P� S �a�b#%� A � B � andF � F � Q � P� S � . Substitute

theseinto � 3 � 28� , thenweobtain

Q � 1
κ2 P � C2 � D2F � T � C2 � D2F � P � E1ET

1 D 0 �
Hence,� 3 � 30� holds.

(Sufficiency) Proceedin the converseway to the proof of the

necessity, thenwe canshow (3.28)from (3.29)and(3.30).

Next, we considerthecasewherethestructureduncertainties

exist.

Lemma 3. 11
�

If thereexistsP � PD � n � thatsatisfiesthefol-

lowing Riccati inequality�E� A � θ ��� B � θ � F � P � P � A � θ ��� B � θ � F � T� 1
κ2 P � C2 � θ ��� D2 � θ � F � T � C2 � θ �'� D2 � θ � F � P� E2 � θ � ET

2 � θ �JD 0 (3.31)

for θ � ∆, the closed-loopsystemwith state feedbackF is

quadraticallystableandsatisfieŝ Gθ
2 ^ ∞ A κ for θ � ∆.

Theconditionsin Lemma3 aresufficient for quadraticstabil-

ity with H∞ norm constraint.The reference11) usesa similar

conditionto Lemma3 to achievequadraticstability for a typeof

structureduncertaintiesdifferentfrom that in this paper. Since

theconditionsin Lemma3 areconvenientandnaturalto utilize

convex optimizationtechnique,weemploy themin this paper.

Theorem8. StatefeedbackF satisfiesthe inequality(3.31)

in Lemma3 if andonly if thereexists � Q � P� S �+�c#$� A � B � that

satisfies

F � F � Q � P� S � � (3.32)P
Q̄k � Q � P� S �1� Ē2kĒT

2k � C̄2kP � D̄2kW � T
C̄2kP � D̄2kW κ2I Q D 0 �
k � 1 � �"�"� � r� (3.33)

Proof. Theproof is similar to thatof Theorem6 andomit-

ted.

Note 3. Thesetsof parametersthat satisfyTheorem7 and8

areconvex sets. In a similar way to Note 2, we canverify the

inequalitiesin Theorem8 reduceto thenecessaryandsufficient

condition

Q̄k � Q � P� S �T� Ē2kĒT
2k D 0

by letting κ ] ∞.

4. ConvexOptimization Problem

We formulatetheresultsobtainedsofar on thestatefeedback

designto convex optimizationproblems.

4.1 Constraint FunctionsCorr espondingto EachDesign

Specification

The conditionson parameterscorrespondingto designspec-

ifications are all representedas positive definitenessof ma-

trix functions that are affine with respectto parameters.Let

Φi � Q � P� S � denotethe matrix affine functions. Note that the

matrix inequality Φi � Q � P� S �*D 0 is equivalent to φi � Q � P� S ���� λmin � Φi � Q � P� S �"� A 0. Further, multiple matrix inequalities

Φi � Q � P� S �+D 0 � i � 1 � 2 � �"�"� areequivalent to a singlescalarin-

equality φ � Q � P� S �d� max
i
<�� λmin � Φi � Q � P� S �"�"@ . Both φi and

φ are known to be convex functionson � Q � P� S � 6
�
. We call

φ � Q � P� S � constraint function.

We next show constraintfunctionsfor quadraticstabilization,

robustH2-typedisturbanceattenuationandrobustH∞ normcon-

straints,respectively. For theotherspecifications,corresponding

constraintfunctionsareconstructedsimilarly.

[1] Quadratic Stabilization:

Fromcorollary1, theconstraintfunctionis definedby

φQS � Q � P� S � � max
1 e k e r

<�� λmin � Q̄k � Q � P� S �1� Tk �f@
usingarbitrarypositivesemidefiniteTk

� k � 1 � �"�"� � r.

[2] Quadratic Stabilization with Robust H2-type Disturbance

Attenuation:

FromTheorem6, usingthefunctionsdefinedby

φ1 � Q � P� S � � max
1 e k e r

<�� λmin � Q̄k � Q � P� S �1� Ē1kĒT
1k �f@

and

φ2 � Q � P� S � � max
1g j g p1
1g k g r h � λmin

P
γ j m̄ jk � Q � P� S �

m̄T
jk � Q � P� S � P QJi �

we canconstructthecorrespondingconstraintfunctionas

φR � H2 � Q � P� S �  � max< φ1 � Q � P� S � � φ2 � Q � P� S �f@��
[3] Quadratic Stabilization with Robust H∞ Norm Perfor-

mance:

FromTheorem8, usingthefunctiondefinedby

ΦR � H∞
k � Q � P� S � � P

Q̄k � Q � P� S �1� Ē2kĒT
2k � C̄2kP � D̄2kW � T

C̄2kP � D̄2kW κ2I Q �
we definethecorrespondingconstraintfunctionby

φR � H∞ � Q � P� S �  � max
1 e k e r

<'� λminΦR � H∞
k � Q � P� S �f@'�

4.2 Constraint Function Arising fr om #%� A � B �
First, theparameterspace#%� A � B � haslinearstructuressuch
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assymmetryof Q andP, skew symmetryof S, andlinear con-

straints(2.2) and (2.3) betweenthem. Hence,the parameters� Q � P� S � arerepresented,usingmutuallyindependentscalarvari-

ablesηi andζi, asP
Q 0

0 P Q � NQ l NP

∑
i 9 1

ηi

P
Q̃i 0

0 P̃i Q �
S � NS

∑
i 9 1

ζiS̃i
�

whereQ̃i
� P̃i and S̃i arelinearly independentbasismatricesde-

terminedby theselinearstructures.

Additionally, sinceQ and P shouldbe positive definite, the

constraintfunction

φQP � Q � P �  �F� λmin

P
Q 0

0 P Q
is alsonecessaryin optimizationprocedure.

4.3 Optimization on #%� A � B �
Like this waystatefeedbackdesignproblemis reducedto the

convex optimizationon #%� A � B � . In the numericalexamplein

the section5 we have usedthe ellipsoid method10
�

asan opti-

mization algorithm. This algorithm needssubgradientsof the

constraintfunctions,whicharegivenin theAppendix.

Now considerto solvestatefeedbackgainthatachievessimul-

taneouslyrobustH2-typeandH∞ normconstraints.Definetwo

setsin #$� A � B � that satisfy the two specificationscorrespond-

ingly by

ΩR � H2 �m<=� Q � P� S �.�C#$� A � B �1> φR � H2 � Q � P� S � A 0 @
ΩR � H∞ �m<=� Q � P� S �.�C#$� A � B �1> φR � H∞ � Q � P� S � A 0@��

Notethat,from Theorem3, a statefeedbackgainF satisfying

theconditionsin Theorem6 andthosein Theorem8 existsif and

only if

ΩR � H2 n πF o� /0 and ΩR � H∞ n πF o� /0 � � 4 � 1�
It is not clear whetherthe problemto find suchF reducesto

a convex optimizationproblemor not. However, we can find� Q � P� S � , by convex optimization,thatsatisfies

F � F � Q � P� S � � � Q � P� S �.� ΩR � H2 n ΩR � H∞ � � 4 � 2�
which is only a sufficient conditionfor (4.1).

5. Numerical Example

The controlledplant in this numericalexample is so-called

two-mass-springsystemshown in Fig. 1, wheretwo cartswith

massM1 � 1 andM2 � 1 areconnectedby aspringwith stiffness

K � 1.

The control input (force) is addedto the left cart. Assume

the valuesof K and M1 have uncertaintiesin both p 10% of

their nominal values. Let p1 and p2 denote,respectively, the

positionsof the left and right cartsand the statevariablesbeM x1 x2 x3 x4 N'�7M p1 p2 ṗ1 ṗ2 NX� Thedisturbanceinput forcedto the

left andright cartsaredenotedby w2 andw1, respectively. The

controlledoutput z2 is the positionof the right cart (z2 � p2),

while thecontrolinput u is includedin z1, i.e.,z1 �\M p2 u N .
Thenthestatespacerealizationis

A �rqssst 0 0 1 0

0 0 0 1� h1 h1 0 0

h2 � h2 0 0

u vvvw � B �xqssst 0

0

h3

0

u vvvw �
ET

1 �\M 0 0 0 1 N � ET
2 �\M 0 0 1 0 N �

C1 � P
0 1 0 0

0 0 0 0 Q � D1 � P
0

1 Q �
C2 �\M 0 1 0 0 N � D2 � 0 �

where � h1
� h2
� h3 ���(� K

M1

� K
M2

� 1
M1

���7� 1 � 1 � 1�
for thenominalplant.On theotherhand,consideringtheuncer-

taintiesof K andM1, we canspecifyfour vertex matricesby the

correspondingvaluesof � h1
� h2
� h3 � , i.e.,� 0 � 82� 0 � 90� 0 � 91� � � 1 � 00� 1 � 10� 0 � 91� �� 1 � 00� 0 � 90� 1 � 11� � � 1 � 22� 1 � 10� 1 � 11�)�

Designspecificationsaregivenasfollows:

[1] Theclosed-loopsystemis quadraticallystabilized.

[2] ThematricesZ̃ � θ � givenby (3.20)satisfiesM Z̃ � θ �WN 11
A 0 � 5 � M Z̃ � θ �WN 22

A 80� Y θ � ∆ ,
[3] ^ Gθ

2 ^ ∞ A 1 � 5 � Y θ � ∆ ,
Hence,theconstraintfunctionsemployedareφR � H2, φR � H∞

in thesubsection4.1andφQP in thesubsection4.2.

It took 30 minutesfor the computationwith PRO-MATLAB

onSunSparcStationIPX. Thecalculatedparametersare

Q � qssst 2 � 037 � 0 � 140 � 2 � 194 � 0 � 853� 0 � 140 0 � 197 0 � 268 � 0 � 079� 2 � 194 0 � 268 9 � 091 0 � 266� 0 � 853 � 0 � 079 0 � 266 1 � 581

u vvvw �
PSfragreplacements

M1 M2

disturbance
input w1

disturbance
input w2

controledoutputy
control
input u

K

p1 ṗ1 p2 ṗ2

Fig. 1 Two-mass-springsystem
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Fig. 2 Closed-looppoles

P � qssst 2 � 805 � 0 � 624 � 1 � 019 � 0 � 889� 0 � 624 0 � 498 1 � 029 � 0 � 099� 1 � 019 1 � 029 12� 45 � 2 � 576� 0 � 889 � 0 � 099 � 2 � 576 1 � 201

u vvvw �
Notethat,for scalarinputplantslikethisexample,S � 0 because

NS � 0. Thus,we obtaina statefeedbackgain

F �7Mz� 10� 68 � 4 � 974 � 4 � 567 � 17� 28 N��
Fig. 2 shows theplotsof theclosed-looppolescorresponding

to thevaluesof θ � ∆ sampledwith theequivalentinterval. The

valuesof M Z̃ � θ �XN j j for the nominalandfour vertex systemsare

given in Table1. Fig. 3 andFig. 4 demonstratethe responses

of thecontrolledoutputz2 � p2 andcontrol input u in thecase

thattheunit impulseis inputasw1. Finally, theBodediagramof

Gθ
2 � s � is givenin Fig. 5.

Table 1 Valuesof Z̃ { θ |}
Z̃ { θ |�~ 11

}
Z̃ { θ |�~ 22

nominal 0.352 51.43
vertexes 0.413 59.50

0.401 41.51
0.110 40.67
0.289 40.06

6. Conclusion

In this paper, we proposea new parametrizationof stabilizing

statefeedbackgains. Using this, we first elucidatetheparame-

terscorrespondingto thestatefeedbackgainsthatquadratically

stabilizeplantswith polytopicstructureduncertainties.Next, we

also characterizestatefeedbackgainsthat achieve the perfor-

mancesof H2-type disturbanceattenuationandH∞ norm con-

straints,respectively, in termsof theparameters.Finally, based

ontheseresults,wegiveamethodto designstatefeedbackgains

thatsimultaneouslyandrobustlyaccomplishquadraticstabiliza-
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tion, H2-typedisturbanceattenuationandH∞ norm constraints

via convex optimizationtechnique. For this purpose,we con-

sidercertainrobustperformanceconditions,which seemconve-

nientandnatural,andderive their necessaryandsufficient con-

ditionscharacterizedby theparameters.

Thefollowing itemsremainfor thefuturework:� To reducethe conservatism of the proposedmethod in

achievementof multiple specifications,asis discussedin the

subsection4.3,weshoulddevelopthedesignmethodto find a

statefeedbackgainsF thatsatisfiesthecondition(4.1).� Weshouldextendthemethodto outputfeedbackcontroller

design.
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Appendix

In this appendix,we describesubgradientsof the constraint

functionsin thesection4. Let ∂φ denotethesubgradient10
�

of

φ . Notethatall theconstraintfunctionsin thesection4 arerep-

resentedby thefollowing form

φ � max
k
< φk � η � ζ �f@ � φk �F� λminHk � η � ζ � �

using certainmatricesHk � η � ζ � whereHk � η � ζ � is symmetric

matrix-valuedaffine functionswith respectto � η � ζ � and η �� ηi �*� RNQ l NP andζ ��� ζi �*� RNS areparametersof Q � P and

S definedin thesubsection4.2. Let v be theeigenvectorcorre-

spondingto theminimumeigenvalueof Hk. Thenthesubgradi-

entsof φk aregivenby

∂φk

∂ηi
�(� vT ∂Hk

∂ηi
v

andso are thoseof ∂φk ! ∂ζi, similarly6
�
. Further, let k be the

subscriptk at � η � ζ � thatsatisfiesφ
k
� η � ζ �1� max< φk � η � ζ �f@ . We

haveoneof thesubgradientof φ at � η � ζ � :�
∂φ

k

∂η
� ∂φ

k

∂ζ � � ∂φ �
Hence,it is sufficient for usto know ∂Hk ! ∂ηi, which consist

of combinationsof the partial derivatives of W � � � and M̄k � � � .
They areasfollows:

∂W
∂ηi

�m� B† � AP̃i � P̃iA
T � Q̃i ��� I � 1

2
BB† � �

∂W
∂ζi

�m� B†S̃i
�

∂M̄k

∂ηi
�(�E� ĀkP̃i � B̄k

∂W
∂ηi

� �
∂M̄k

∂ζi
� B̄kB†S̃i �
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