|:Trans. of the Society of Instrument:|

and Control Engineers
Vol.E-5, No.1, 52/58 (2006)

Minimax Estimation of Uncertain Systems in the Presence of

Bounded Disturbance
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Minimax estimation is considered for a single-input single-output discrete-time uncertain system in the presence
of bounded disturbance. The given regressors are divided into two sets which have small and large amplitudes
respectively, where the amplitude ranges are assumed to be exclusive each other. Then, the nominal parameter
of the system is estimated so that the maximal output error is minimized. The bounds of the disturbance and
the parameter uncertainty are also estimated by using the output errors for these two sets. For this minimax
estimation, the estimation errors are evaluated when the regressors of each set are persistently exciting. Fur-
thermore, probabilistic estimation errors are derived when the regressors of each set are persistently exciting and
periodic and have the same amplitude, and the disturbance and the parameter uncertainty are random variables
which take their extreme values with a probability. The result implies that the errors converge to zero as the

number of samples tends to infinity.
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1. Introduction

Minimax estimation is frequently used in identifica-
tion of a system parameter in the presence of unknown

D~3) This estimation enables us to

bounded disturbance
obtain not only an estimate of the system parameter that
describes measured input-output data but also an esti-
mate of the upper bound of the disturbance. Then, the
estimates converge to the true values as the number of
samples tends to infinity if the regressor is assumed to be
persistently exciting and the disturbance is assumed to
be random variable which takes its extreme value with a
probability . However, the existing literature deals with
only a system with additive bounded disturbance, i.e.,
parameter uncertainty of the system has not been intro-
duced. It should be noticed that the existing estimation
algorithm cannot be used for an uncertain system with a
parameter uncertainty. This is because the parameter un-
certainty causes an output error of the system not as an
additive bounded noise but as an unbounded noise whose
amplitude depends on the magnitude of input signals.

In this paper, we investigate minimax estimation for
uncertain systems in the presence of unknown bounded
disturbance. We here propose an identification method
which gives not only an estimate of the nominal parame-

ter of the system but also estimates of the upper bounds of
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bounded disturbance and bounded parameter uncertainty.
The given regressors are divided into two sets which have
small and large amplitudes respectively, where the ampli-
tude ranges are assumed to be exclusive each other. Then,
the maximal output error is minimized so that the nom-
inal parameter of the system is estimated. The bounds
of the disturbance and the parameter uncertainty are also
estimated by using the output errors for these two sets. In
order to evaluate performance of this minimax estimation,
we derive deterministic bounds of the estimation errors
when the regressors of each set are persistently exciting.
Furthermore, we also derive probabilistic bounds of the
estimation errors for finite number of samples when the
regressors of each set are persistently exciting and periodic
and have the same amplitude, and the disturbance and the
parameter uncertainty are random variables which take
their extreme values with a probability. Then, we prove
that the errors converge to zero as the number of samples
tends to infinity. It should be noted that, even if there
is no parameter uncertainty of the system, the results of
this paper give some useful details relative to the existing
literature ¥ which explored convergence property of the
estimation errors since the results here give an evaluation

of the errors with respect to number of samples.
2. Minimax estimation

Let us describe a single-input single-output (SISO) dis-
crete time system as
yi = b (0+m:) + v (1)

where subscript ¢ means the time, y; € R is the sys-
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tem output, ¢; € R™ is the measurable regression vector,
0 € R™ is a nominal parameter of the system to be iden-
tified, v; € R is an unknown disturbance, and n; € R™ is
an unknown parameter uncertainty. The disturbance and

the parameter uncertainty are bounded, that is,

lvil <& imill2 <6 )

where the bounds € and § are unknown, and || e ||2 is the
l> norm
Imllz = (nmi)™*.

In this paper, we consider an identification problem
which is to find estimates of the nominal parameter of
the system 6, the bound of disturbance €, and the bound
of parameter uncertainty J based on given input-output
data {y:, #:}. In the following, we derive the estimates in
the framework of minimax estimation.

Note that, if no parameter uncertainty of the system is
presented in (1), the minimax estimate of @ is given by
0 = arg ming max; |y; — #T0|. Then, it turns out that an
estimate € is given by the maximum value of output error
max; |y; — ¢ZT§| D~3)  However, if there exists parameter
uncertainty of the system, both upper bounds € and ¢ have
to be estimated. One value such as the maximum value of
output error is clearly not sufficient for determining two
values € and 9.

In order to estimate both upper bounds € and §, we
first divide given input-output data {y:, ¢;} into two sets,
which are described as {ygl),d)gl)} and {yf),qzﬁf)}. Here
we classify {y:, ¢;} into {ygl)7 ¢§1)} and {yZ@)7 ¢§2)} by am-

plitude of the regressor, that is,

ar < [|¢{7]]2 < by,
az < [ ||2 < ba, (3)

0<ar <bi<az<b <
where {y", 6"} and {y®,¢?} contain Ni and N
input-output data respectively.
Then, we obtain the minimax estimate 0 of 0 as

6, = argmin max |y — (6176,
) K3

by each input-output data set {y(j)7 ¢§j)},j =1, 2. Defin-

7

ing the maximum output error as

¢; = max|y” — (¢;")78],

J=12 (5)

we can obtain estimates €, ¢ of €, § as

. bier —bieo

€= — (6)
~. ea—e1

5= e (7)

The identification proposed in this paper is a method us-
ing the equations (4), (6) and (7). In the following sec-
tions, we investigate the estimation errors between the
estimates é\]’, €and J and the true values #, € and §, which
shows that the estimates §j, cand § are actually relevant.

Notice that the estimates §] of 6 can be computed by
solving a linear programming problem

min  v;
0,v;

ste [y — (e9)Th] < vy,

k3

Vi=1,2,...,N; (8)

with each input-output data set {y(j)7 qSEj)},j =1,2.

K3

3. Deterministic analysis of the estima-
tion errors

In this section, we derive upper bounds of the estima-
tion errors in a deterministic setting.

Let us introduce a definition ®.

Definition 1. The regressor ¢;, i = 1,2,...,N is
said to be persistently exciting (PE) if there exist some
n €N, a € N, and 8 € N such that

io+n—1
*I< Y gisl <P )
=10
for any ip € N; 1 <i9 < N —n + 1. Here, N denotes the
set of positive integers and the matrix inequality A < B
means that B — A is positive semidefinite.

Note that the regressor ¢; can be PE regardless of
whether it is a deterministic or a stochastic vector. If
the regressor is PE, 6 of (8) is bounded for all v;, and
thus the estimation error 6 — 5] is bounded.

In the following, we assume that each set of the regres-
sors {d)El)} and {d)l(?)} satisfies PE condition (9). Then,
the indexes of PE condition are written as (ni,a1,01)
and (n2, ag, B2) for {d)El)} and {quEQ)} respectively, where
N; = {;n; and ¢; is an integer for simplicity.

Then, we obtain the following theorem.

Theorem 1. Consider the system (1). Assume that
the regressor qbgj ), j = 1,2 is deterministic and PE. Then,

10— Bll2 < 2 (e 4 1y0),

J

j=1,2.  (10)

Proof. In the following, j is fixed as 1 or 2 since the

proof is the same. Let us describe ®%, as

(63)"
U)\T

S I L -
( (J.'))T

Nj

Recall that the regressor d)Ej) is PE and N; = ¢;n;. Then,
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we have
£ing

(@) ey =D o (67" 2 af1
i=1
from the left inequality of (9). Hence, we obtain

(@) T 0%} (@) 2 < —

/0

(11)

where || @ ||s2 is the induced I3 norm

. Az =
|Alji2 = sup H||x|||2‘2 =1/ A(AAT)

z#0

and X(AAT) is the maximum eigenvalue of AAT for real
matrix A. Noting that the estimate 9 of 0 is obtained

from (4), we have

i = (6)78;] < max|y? — (6)"8;]

= minmax|y” — (¢[")70|
<maxly? - (¢)%0.  (12)

On the other hand, from (1), (2), and (3), we have
= (&) "0] = Joi + (&) "l
< €+ b (13)
From (12) and (13), we see that
) = ()70 < maxy? - (o/”) 70
< e+ 0b;. (14)
Using these inequalities (13) and (14), we see that
@) (0 = 0)| = |y = (67705 — () — (¢")70}]
<lw” = @) 01+ — (6770
< 2(e 4+ 6by) (15)
holds for any i = 1,2,..., N. This implies
1®%(0 — )12 < 2/Fymy (e + 6b;).
With (11), we conclude

10— 05112 < (@A) T@A T (@4) " [li2l| D% (0 — 6,12

2./n;
< T (e + 6by). (16)
Qj
This completes the proof. a

Theorem 1 shows that the upper bound of the estima-
tion error of 6 is linear with respect to € and §. That
is, 01 =0 =0 if e = § = 0. We therefore see that the
proposed minimax estimation is relevant.

Note that the diameter of the membership set in the
presence of disturbance and parameter uncertainty is dis-
cussed in Theorem 1 6), where it is shown that there exist
input-output data {y;, ¢; } such that the diameter does not
converge to zero even if the number of samples increases.

The upper bound of the estimation error in Theorem 1

also does not depend on the number of samples, which is
consist with the previous result ©.
We further obtain a similar result on € and 9.
Theorem 2. Consider the system (1). Assume that
the regressor ¢§j ), 7 = 1,2 is deterministic and PE. Then,

_b1(6+b25) o< b2(6+b15)

< 1
by — b1 =€ by — b1 (7)
€+ b10 -~ €+ b2d
— <6-0< . 1
by — b1 — — by — b1 (8)

Proof. Using the inequalities (12) and (13), the maxi-
mum output error e; is evaluated as

ej = max|y — (61")"6;]

i

< max |y — (o) 70|

i

<e+db;, j=1,2 (19)

That is,

0<e; <e+db;, j=1,2

Then, we obtain

b1€2 7b1(6+ 662)
by — b1 — by — b1
b2€1 b2(€+ (561)
by —b1 — ba — b1
e > _6—|—6b1

by —b1 = ba—b1
e2 €+ 0bo

<
by — b1 ~ by — b1

™)
v

™)
A

)
A%

)
IN

Evaluating ¢ — €, § — 5 with the above bounds, we obtain
the results (17) and (18). O

Theorem 2 shows that the lower and upper bounds of
the estimation errors of € and § are linear with respect to €

and ¢, which is similar to the situation on 6 in Theorem 1.

4. Probabilistic analysis of the estima-
tion errors

In this section, we derive upper bounds of the estima-
tion errors in a stochastic setting. Let us first introduce
the following definitions on the disturbance® and the pa-
rameter uncertainty 6),

Definition 2. Suppose that the disturbance v; is a
random variable satisfying |v;| < e. The bound e is said
to be tight if for any p > 0 and each i, there exists some
pu(p) > 0 such that

Prob{—e <v; < —(e — p)} = pu(p)
Prob{e — p < wv; <€} > pu(p)
where Prob{e} is the probability that the event e occurs.

Definition 3. Suppose that the parameter uncer-

tainty 7; is a random vector satisfying ||n:]l2 < . The
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bound ¢ is said to be tight if for any p > 0, each i, and
any ¢;, there exists some py(u) > 0 such that

Prob{—4]|¢ill2 < ¢ini < —(6 — w)ll¢sll2} > pa(r)
Prob{(8 — p)ll¢illz < ¢i'm < llill2} > po(k).

Definitions 2 and 3 introduce stochastic properties into
the disturbance v; and the parameter uncertainty 7;, and
the tightness means that v; and n; take around their ex-
treme values with nonzero probability.

Then, the next lemma is obtained 6,

Lemma 1. Assume that the disturbance v; and the pa-
rameter uncertainty 7; are independent random variables,
and their bounds € and ¢ are tight. Then, for any p > 0,
u > 0, each i, and any ¢,

Prob{—(e + 6||¢s]|2) < vi + ¢i mi
< —(e=p) = (= wlleill2}
2 pu(p)pn(p) >0
Prob{e — p+ (8 = p)l|dilla < vi + ¢l'mi < e +dll¢ill2}
> pu(p)pn(p) > 0.
This lemma means that, if both of the bounds € and §
are tight, the bound € + §||¢i||2 of v; + ¢Fn; is also tight.

In the following, for simplicity, we assume that the re-
gressor d)Ej) is nj (n; > m) periodic and N; = {;n;, i.e.,
i, =2
where i, = 1,2,...,n;, k=0,1,2,...,6; — 1, £; > 1. We
also assume that a; = b;, 7 = 1,2. Note that, if the re-
gressors d)E;) and gzﬁgi) are PE, we can set n = n; in (9)
without loss of generality, and there exists a; such that

gl < (®)"9],  j=1,2 (20)

where
(67)"
GT
oo | T
G\T
(¢n))

Then, we obtain the following theorem.

Theorem 3. Consider the system (1). Assume that
the regressor ¢§j> is deterministic, periodic, PE, and
a1 = b1, az = ba. Furthermore, v; and 7; are independent
random variables, and their bounds are tight. Then, the

estimation error of 6 is evaluated as

~ n;
Prob {10~ Bil < L2+ ) | 2 ey 5= 1.2
j
(21)
where ¢p; is a positive constant satisfying

e < {120 =pupa(w)7} ",

Proof. In the following, j is fixed as 1 or 2 since the

proof is the same. We first fix i,. Then, we have

(@) (0 - 6))

tp
=y, = (@705 = (i ny + (85) iy 1m, }

'p

from (1). Since é\j is obtained by (4), with (14), we have

—(e+ b)) < g7’

ipthn; (d’z('z,))Tej < e+ db;

for any k. If there exists k, satisfying

e—p+ (0=l 2 < vigkum, + () 0yt um,

<e+6)6 s, (23)

then, with ||¢£i) |2 = bj, we obtain

(69N (0 —8;) < p+ pb;.

'p
On the other hand, if there exists k; satisfying
—e = 316D l2 < viytrin; + (852) iy 4him,
<—(e=p) = (-l (29)
then, in the same way, we have
—(p+ nbj) < ()0 - 8).
Hence, if there exist both of such k, and k;, we have

[(@)T(0 — 0,)] < p+ ub;. (25)

'p

We therefore see that, for some fixed ip,
Prob { ()" (0 = 0,)| < p+ ub |
>1—2(1—pu(p)pn(p)" - (26)

This is because Lemma 1 says that the probability that
Viy+kn; + (¢§j,'))Tmp+knj does not satisfy (23) and (24)

forall K =0,1,...,¢; — 1 is less than (1 — py,(p)pn(p))%.

Now, if (25) satisfies for each i, = 1,2,...,n;, we have
197,(0 = 05)ll2 < /mj (p+ pby).
Then, following an evaluation similar to (16), we see
10 = 0rl2 < [{(@%) @0} (@0) " [|i2l| 97, (0 — 0) |2
< Y
Qj
where ||[{(®%)T®%}H(®L)T|li2 < 1/a;. We therefore ob-
tain the theorem since the probability that (26) holds for

all ip =1,2,...,n; is {1 =2 (1 — pu(p)py(n)9}™. O
Theorem 3 shows that the evaluation of the estimation

p + ubj)

error of 0 is linear with respect to the indexes p and u
of tightness. That is, the estimation error depends on
how close the disturbance and the parameter uncertainty
take their extreme value in the data used for identifica-
tion. The error is independent of the upper bounds of the

disturbance and the parameter uncertainty.
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We then discuss the estimation errors of ¢ and 6. To
this end, we need the following lemma.

Lemma 2. Under the same assumptions in Theorem 3,
Prob {e — 2p+ (6 — 2u)b; < e; < e+ b;} > cp,,

j=1,2. (27)

Proof. In the following, j is fixed as 1 or 2 since the

proof is the same. The upper bound of e; is obvious from

(19). Thus, we only discuss the lower bound of e;. We
first fix ip. For the system (1),

((b(J)) Nip+kn;

(¢ (]))Ta }

Ui;,«l»knj
=0 n, — (¢)T(0 - 8)).

Hence, we see
e AR

> |Vip+kn; + (¢5j ) itk | — |(¢(])) (0 —0;)
Then, we have

() U\Ty
mkaX |yi;+knj - ((bzi ) 0]'

+ () iy ks | = 1(62)7 (0 = 65)-
(28)

2 ml?x |’Uip+kn7

If there exist both of k, and k; satisfying (23) and (24),
we see that the inequality (25) and

(€= p) + (6 = w6 |2 < [vi4hn; + (D) 11 41, |
hold. Thus, we have
(€=p)+ 0= w62
< max [v 4en; + (8)) 05, i . (29)

Substituting these (25) and (29) into (28), we obtain
2016112 < max [y, — (67)765].

Note that this inequality holds if there exist both k., and
k; satisfying (23) and (24). Thus, for fixed i,, we have

( (J) TG |}

€—2p+ (6 —

Prob {e —2p+ (6 — 2u)b; < max |y}, -

> 1 — 2(pu(p)pn (1))

If the above inequality holds for all i, = 1,2, ...,n;, from
a representation of the maximum output error
_ ) GI\Ty
ej = maxmax |y %y, — (¢7,) 05|
we see that
€—2p+ (6 —2p)b; <e; (30)

which holds with probability {1 — 2(p(p)py ()%} .
This completes the proof. a
Then, we obtain the following theorem on the estima-

tion errors of € and §.

Theorem 4. Consider the system (1). Assume that
the regressor ¢Z(-j ) s deterministic, periodic, PE, and
a1 = b1, az = ba. Furthermore, v; and 7; are independent
random variables, and their bounds are tight. Then, the

estimation errors of € and § are evaluated as

prob{ _2uletbap) o Zelprbip) ]
ba — b1 b2 — b1
(31)
Prob _2(p+bip) <5-6< 2(p +bap) > Cp, Cpy.-
ba — b1 ba — b1
(32)

Proof. When the inequality of e; (30) of Lemma 2

holds for j = 1, 2, the estimate € can be evaluated as

- ba{e —2p+ (6 — 2u)b1} — b1(e + db2)

ba — b1
~ 2b2(p+bip)
- by — by
- ba(e+ 0b1) — bi{e —2p+ (6 — 2u)b2}
- by — b1
B 2b1(p + bap)
et b —b1
In the same way, the estimate § can also be evaluated as
~_€—=2p+ (6 —2u)ba — (e + db1)
o>
- ba — b1
_ o 2(p+bop)
- by — by
{e +p+(0+ube}t —{e—2p+ (6 —2p)b1}
ba — b1
_ o, 2pt+bip)
=0+ b b

Using these inequalities, we have the estimation errors in
(31) and (32). Note that these inequalities require that
the evaluation of e; of Lemma 2 holds for both j =1, 2.
These events are independent each other, and thus the
probabilities of the theorem are ¢, ¢p,. a

Theorem 4 shows that the estimation errors of € and ¢
are linear with respect to the indexes p and p of tightness,
which is similar to the case of 6.

If we choose the confidence ¢,; in Theorems 3 and 4 as

" ;
e = {120 = pulppam)5 )", G=1,2
we see that, for any p and p,
Ccpp — 1, cp, — 1 as f; — oo, j=1,2.

This leads to the following corollary.

Corollary 1. Under the same assumptions in Theo-
rems 3 and 4, the estimates é\j, €, and 5 converge to 0,
€, and J in probability as ¢; — oo, j =1,2.

The existing literature ¥ shows that the estimates of 6
and e converge to their true values for a system without

parameter uncertainty (i.e., § = 0). On the other hand,
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this paper presents not only its counterpart for the case
0 # 0 as Corollary 1 but also quantitative evaluations of
the estimation errors as Theorems 3 and 4.

In this section, we derive the probabilistic evaluations of
the estimation errors under the assumptions that the re-
gressor is not only PE but also periodic and a; = b;, j =
1,2. If the assumption a; = b;, j = 1,2 does not hold,
the estimate 0; is not uniquely determined from (8) (See
more details in Appendix). Thus, we cannot expect that
the estimation errors converge to zero. In other words,
in order that the estimation errors converge to zero, it
should be required that (1) is an FIR system, the regres-
sor ¢; consists of identification input, and its amplitude
can be tuned. On the other hand, the periodicity as-
sumption can be removed if an involved discussion 7:8) is
employed.

If we know some information about the distributions of
the disturbance and the parameter uncertainty so that we
can estimate py(p), pn(1), Theorem 3 gives the necessary

number of samples explicitly

1 _1 — (e, )1/nj
" 2
¢

2 T = pe e ()

where p, p and cp; are our specified values. A similar

J=12 (33)

remark can be established for Theorem 4.

Note that Theorems 3 and 4 give not only probabilis-
tic upper bounds of the estimation errors but also their
deterministic upper bounds. In fact, setting p = 2¢ and
p = 26 so that ¢,; =1, we obtain

10—l < 2 (e by0), j=1.2

J

74b1(6+625) <e_e< 4b2(€+b1(5)
by — b1 - - by — b1
_4(6—|—b16) <5_8\< 4(6+b26)
by — b1 — by —b '

Thus, the deterministic upper bound of 6 from Theorem 3
is identical to that of Theorem 1, while the deterministic
upper bounds of € and § from Theorem 4 is four times as

conservative as that of Theorem 2.
5. Numerical examples

In this section, we give a numerical example. Let us

consider a system

y = (8970 + mi) + i,

)
—1 ; Uy N
1 Uy n2i

where v; and 7; are independent random variables with

uniform distributions on |v;| < 1 and ||7:]j2 < 2,1e.,e=1

L | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
T T T T T T T T T T

! ! ! ! ! ! ! ! ! !
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
T T T T T T T T T

| | | | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
The number of repetitions

Fig.1 Estimation errors of 6, ¢, and §

and J = 2. The regressor is periodic with n = 3, that is

5”—[@2}@5“—[ " ],dzﬁ,“—[ﬁ/ﬂ,

1/2 ~1 1/2
@_| 0 52 = V3| @ _ | 53
' T -5 | -5

where a1 = b1 = 1, az = b2 = 10. The indexes of PE for
{6"} and {¢} are (3,1.5,1.5) and (3, 150, 150).

Fig. 1 shows the estimation errors of 0, €, and § at each
5000 steps from ¢; = 1 to 5000, where the broken line
represents the estimation errors of 51 and the solid line
represents that of 0>. After 5000 steps calculation, we

obtained the estimates
~ —0.9802 ~ —1.0241
01 - 3 02 - 3
1.0105 1.0249

€= 0.9787, 5 = 1.9637.

The result shows that the estimation errors converge to
zero as the number of samples increases, which is consis-

tent with Corollary 1.
6. Concluding remarks

In this paper, we have investigated a minimax estima-
tion of uncertain systems in the presence of disturbance
and parameter uncertainty. The proposed identification
method gives estimates of not only the system parame-
ter but also the upper bound of the disturbance and the
parameter uncertainty. We have studied these estimation
errors and have shown that, under some conditions, the
estimation errors converge to zero as the number of sam-
ples tends to infinity.

References

1) E. Walter, and H. P.-Lahanier: Estimation of Parameter
Bounds from Bounded Error Data— A Survey, Mathemat-
ics and Computers in Simulation, 32, 449/468 (1990)

2) H. P.-Lahanier, and E. Walter: Exact Description of Feasi-
ble Parameter Sets and Minimax Estimation, Int. Journal



58 T.SICE Vol.E-5 No.1 2006

of Adaptive Control and Signal Processing, 8, 5/14 (1994)

3) M. Milanese, J. Norton, H. P.-Lahanier, and E. Walter:
Bounding Approaches to System Identification, Plenum
Press New York and London (1996)

4) E.-W. Bai, H. Cho, and R. Tempo: Convergence Proper-
ties of the Membership Set, Automatica, 34-10, 1245/1249
(1998)

5) S. Dasgupta and Y.-F. Huang: Asymptotically Convergent
Modified Recursive Least Squares with Data Dependent
Updating and Forgetting Factor for System with Bounded
Noise, IEEFE Trans. on Information Theory, 33-3, 383/392
(1987)

6) W. Kitamura and Y. Fujisaki: Convergence Proper-
ties of the Membership Set in the Presence of Distur-
bance and Parameter Uncertainty, Trans. of the Society of
Instrument and Control Engineers, 39-4,382/387 (2003)

7) H. Akcay: The Size of the Membership Set in a probabilis-
tic framework, Automatica, 40-2, 253/260 (2004)

8) W. Kitamura and Y. Fujisaki: Stochastic Properties of the
Membership Set in the Presence of Parameter Uncertainty
— Nonperiodic Regressor Case —, SICE 3rd Annual Confer-
ence on Control Systems, 547/550 (2003)

Appendix A. An example that 9\3 is not
determined uniquely

Through an example, we show that, if the condition
a; = bj, 7 = 1,2 does not hold, 5] is not determined
uniquely even if the other assumptions in Corollary 1 are
satisfied. Here, we fix j as 1 or 2 since the discussions are
similar for both cases of 51 and 52.

Let us consider a system

1

y? = @) O+ m) + v 9‘[1

where |v;| < 1 and ||n:]]2 < 1, i.e., e = § = 1. The regres-

sor is periodic with n; = 2, that is,

o=[o] VL

This is PE with a; = 1 and §; = 2, where a; # b; since

a; =1 and b; = 2. We consider 4 periodic v; and 7;

v =—1,-1,1,1,...

BRI

G
7

i

Then, the output y ) is 4 periodic as
Y = —1,-1,5,3,....
Note that Corollary 1 is established by using a set of
v; and 7; satisfying both (23) and (24) with p = p ~ 0,
where the assumptions of tightness ensure the existence

of such v; and n;. Now, for v; and n; given above, we have

i+ (69) T = =3,-2,3,2,...,
—(e+dllg5" [l2), — (e + 01165 ||2),
e+ 0]165" ll2, € + 8165, . -

which implies that (23) and (24) are satisfied with p = p =
0. Thus, these v; and 7; can correspond to the assumption
of tightness. In fact, even if v; and 7n; are random vari-
ables whose bounds are tight, there exists no better value
of v; + (qSEj))Tm to improve the estimation error since this
sequence of v; + (qSEj ))Tm takes all extreme value.

From (8), §, is obtained by solving an LP

min  v;
6,v;
st |—1—-201| <y
| —1—0:] <
15— 26:] < v
|3 — 2| < vy (A1)

where 6 = [0, 62]T. Notice here that, from (12) and (13),
Vj <e+ (Sbj
=3

holds. Since 6, satisfying (A.1) does not exist if v; < 3,

we see v; = 3. Then, solving (A. 1), we have

=1, 0<b,<2.

This means that any 0 satisfying the inequality above can

be an minimax estimate. Obviously, this is not unique.
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